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Abstract
Higgs multiplet in the vector-spinor representations of SO(10), i.e., the 144 +
144 multiplet can break the SO(10) gauge symmetry spontaneously in one step
down to the Standard Model gauge group symmetry SU(3)C×SU(2)L×U(1)Y and
a recent analysis has used such vector-spinors for building a new class of SO(10)
grand unification models (hep-ph/0506312) . Here we discuss the techniques for the
computation of several classes of vector-spinor couplings using the Basic Theorem
on the SO(2N) vertex expansion developed by the authors. The computations
include the cubic couplings of the vector-spinors with SO(10) tensors, quartic self-
couplings of the vector-spinors, and couplings of the vector-spinors with spinor
representations of SO(10). The last set include couplings of vector-spinors with
the 16-plets of quarks and lepton and with the 16 and 16 of Higgs. These couplings
provide a crucial tool for further development of the SO(10) grand unification
using vector-spinor representations. These include study of quark-lepton masses,
analysis of dimension five operators including baryon and lepton number violating
operators, and study of neutrino masses and mixings. Illustrative examples are
given for their computation using a sample of vector-spinor couplings.
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1 Introduction
SO(10) is a favored group for the unification of the electro-weak and the strong
interactions[1, 2]. However, there is a wide array of possibilities for model building
within the gauge group. Thus while the remarkable feature of SO(10) is that it uni-
fies one generation of quarks and leptons within one irreducible representation, i.e.,
the 16 plet representation, the Higgs sector of the theory is largely unconstrained
and thus there exist a wide variety of models which differ by the choice of the Higgs
2
sector of the theory. In most models the Higgs sector is generally quite elaborate
involving several Higgs multiplets necessary for the breaking of SO(10) symmetry
in steps down to the Standard Model gauge group SU(3)C ×SU(2)L×U(1)Y . An
interesting recent proposal made by Babu, Gogoladze and the authors is to use a
single pair of 144+144 multiplet to break the SO(10) gauge group in one step down
to the Standard Model gauge symmetry[3]. The couplings involving the 144 and
144 are rather intricate and not easily computable. However, significant progress
has occurred recently in how one may compute couplings involving spinor and
tensor representations of SO(10)[5, 6]. An important result in such constructions
is the so called Basic Theorem deduced in Ref.[5] using oscillator techniques[7, 8]
which facilitates the computations of vertices involving spinor and tensor SO(10)
representations. Thus using the basic theorem, couplings of the type 16× 16× 10,
16 × 10 × 120, 16 × 16 × 126 and 16† × 16 × 1, 16† × 16 × 1 were computed in
Ref.[5] and further applications of the technique were made in Ref.[9]. Now the
couplings of the 144 and 144 are more involved. This is so because of two factors:
first we are dealing with a vector-spinor rather than just a spinor representation of
SO(10). Second the vector-spinor is constrained in order that it correspond to the
irreducible 144 or 144 representation of SO(10). Nonetheless, we will find that the
techniques of Ref.[5] appropriately adopted to this case will prove very useful in
the analysis of SO(10) vertices: cubic, quartic or of higher order. In this paper we
will limit ourselves to the analysis of cubic and quartic interactions where the 144
and 144 are involved. The detailed knowledge of the couplings of a gauge group are
useful in model building[10], and in extracting the implications of the models for
spontaneous symmetry breaking, neutrino oscillations[11] proton decay[12, 13, 14],
computation of the mass spectra and a variety of other applications. This provides
the motivation for a detalied analysis of the couplings discussed below.
The outline of the rest of the paper is as follows: In Sec.2 we give a brief
summary of previous results which are essential for the developments of the suc-
ceeding sections. Here we discuss the generators of SO(10) in the SU(5) × U(1)
basis using the oscillator approach. We then state the so called Basic Theorem
that significantly facilitates the computation of couplings for spinor and tensor
representations in SO(10). In Sec.3 we address the question of how one may treat
the 144 irreducible representation through the use of a constrained vector-spinor.
This is so because, the vector-spinor in SO(10) has 16 × 10 = 160 components,
and we need a constraint to eliminate sixteen components to get the irreducible
3
144-plet tensor. In this section we also decompose the 144 in representations of
SU(5)× U(1) and define their normalizations. An analysis of the cubic couplings
of 144 and 144 with the 10, 120 and 126 tensor representations is given in Sec.4.
Here we also discuss the cubic couplings of 144 with 1, 45 and 210 tensor repre-
sentations. The corresponding cubic couplings involving just the 144 plets can be
gotten by from these in straightforward fashion and are not explicitly exhibited.
In Sec.5 we discuss the self couplings of the vector-spinor representations. These
couplings cannot be cubic and the allowed couplings must at least be quartic or
higher. We compute the quartic couplings. These can be of several types. Thus
144× 144 can couple with 144× 144 by mediation by 1, 45 and 210. Additionally,
there are couplings where 144 × 144 and 144 × 144 can couple with 144 × 144
and 144 × 144 either by mediation by 10, 120 or 126 + 126. Thus there are a
variety of quartic self-couplings involving spinors. In Sec.6 we discuss the cou-
plings of vector-spinors with the 16-plet of matter. Here we consider couplings
where 144 × 144 and 144× 144 couple with 16 × 16 plets of quark-lepton matter
multiplets via mediation by 10, 120 and 126 + 126. In Sec.7 we discuss the gauge
couplings of the 144 and 144 with the singlet gauge field and with a 45 plet of
gauge field belonging to the adjoint representation of SO(10). In Sec.8 we give
some illustrative examples of how the vector-spinor couplings are to be used in
model building. Conclusions are given in Sec.9. Some further details of the quar-
tic couplings from 10-plet mediation are given in Appendix A, and similar details
for 120-plet mediation are given in Appendix B, and from 126 + 126 are given in
Appendix C. Field normalizations for fields other than the 144-plet are given in
Appendix D, and in Appendix E we discuss how one may limit to the case of one
generation of 144+144-plet of vector-spinor fields. In Appendix F we illustrate to
the reader, by means of an example, the technique used for the actual computation
of a vector-spinor coupling.
2 Preliminaries
An efficient decomposition of the SO(10) vertices is in the SU(5)×U(1) basis. In
Sec.(2.1) we give the basic formulae for the decomposition of the SO(10) generators
in this basis and in Sec.(2.2) we give the Basis Theorem for the computation of
the SO(10) vertices.
4
2.1 SO(10) generators in SU(5)×U(1) basis
We begin by defining the Clifford elements, Γµ (µ = 1, 2, ..., 10) in terms of creation
and destruction operators, bi and b
†
i (i = 1, 2, ..., 5)[7, 8]
Γ2i = (bi + b
†
i ); Γ2i−1 = −i(bi − b†i ) (1)
so that
{Γµ,Γν} = 2δµν . (2)
where
{bi, b†j} = δji ; {bi, bj} = 0; {b†i , b†j} = 0 (3)
and that the SU(5) singlet state |0 > satisfies bi|0 >= 0.
The 45 generators of SO(10) in the spinor representation are
Σρσ =
1
2i
[Γρ,Γσ] (4)
In the analysis of SO(10) invariant interactions one also needs the equivalent
of charge conjugation operator given by
B =
∏
µ=odd
Γµ = −i
5∏
k=1
(bk − b†k) (5)
The semi-spinors Ψ(±)a´ (a´ = 1, 2, 3) transforms as a 16(16)-dimensional irre-
ducible representation of SO(10) and contains 1 + 5 + 10(1 + 5 + 10) in its SU(5)
decomposition. They are given by
|Ψ(+)a´ >= |0 >Ma´ + 1
2
b
†
ib
†
j |0 >Mija´ +
1
24
ǫijklmb
†
jb
†
kb
†
l b
†
m|0 >Ma´i (6)
|Ψ(−)a´ >= b†1b†2b†3b†4b†5|0 > Na´ +
1
12
ǫijklmb
†
kb
†
l b
†
m|0 > Na´ij + b†i |0 > Nia´ (7)
2.2 The Basic Theorem for computation of SO(10) vertices
We now review the recently developed technique[5] for the analysis of SO(2N) in-
variant couplings which allows a full exhibition of the SU(N) invariant content of
the spinor and tensor representations. The technique utilizes a basis consisting of
a specific set of reducible SU(N) tensors in terms of which the SO(2N) invariant
couplings have a simple expansion. To that end, we note that the natural basis
for the expansion of the SO(2N) vertex is in terms of a specific set of SU(N)
reducible tensors, Φck and Φck which we define as A
k ≡ Φck ≡ Φ2k + iΦ2k−1, Ak ≡
5
Φck ≡ Φ2k − iΦ2k−1. This is extended immediately to define the quantity Φcicj c¯k..
with an arbitrary number of unbarred and barred indices where each c index
can be expanded out so that AiAjAk... = Φcicjck ... = Φ2icjck... + iΦ2i−1cjck... etc..
Thus, for example, the quantity Φcicjck...cN is a sum of 2
N terms gotten by expand-
ing all the c indices. Φcicjck...cn is completely anti-symmetric in the interchange
of its c indices whether unbarred or barred: Φcicjck...cn = −Φckcjci...cn. Further,
Φ∗cicjck...cn = Φcicjck...cn etc.. We now make the observation[6] that the object
Φcicjck...cn transforms like a reducible representation of SU(N). Thus if we are able
to compute the SO(2N) invariant couplings in terms of these reducible tensors
of SU(N) then there remains only the further step of decomposing the reducible
tensors into their irreducible parts. These results are codified in the so called The
Basic Theorem which we discuss next.
The vertex ΓµΓνΓλ..Γσ Φµνλ..σ where Φµνλ..σ is a Higgs tensor, appears often in
SO(2N) invariant couplings and can be expanded in the following form
ΓµΓνΓλ..ΓσΦµνλ...σ = b
†
ib
†
jb
†
k...b
†
nΦcicjck...cn +
(
bib
†
jb
†
k...b
†
nΦcicjck...cn + perms
)
+
(
bibjb
†
k...b
†
nΦcicjck...cn + perms
)
+ ... +
(
bibjbk...bn−1b†nΦcicjck...cn−1cn + perms
)
+bibjbk...bnΦcicjck...cn (8)
As mentioned above, the object Φcicjck...cn transforms like a reducible representa-
tion of SU(N) which can be further decomposed in its irreducible parts.
3 144 and 144 as Constrained Vector-SpinorMu-
tiplets
In this section we discuss the SU(5) particle content of the 144 and 144 vector-
spinors and their expansion in terms of oscillator modes. We also normalize the
fields in the decomposition of vector-spinors. Finally, we define the notation that
is used in the paper.
3.1 Field content in SU(5)×U(1) decomposition
We begin by discussing first the field content of the reducible vector-spinor 160
and 160 multiplets[3]:
|Ψ(+)a´µ >= |0 > Pa´µ + 1
2
b
†
ib
†
j |0 > Pija´µ +
1
24
ǫijklmb
†
jb
†
kb
†
l b
†
m|0 > Pa´iµ (9)
6
|Ψ(−)b´µ >= b†1b†2b†3b†4b†5|0 > Qb´µ +
1
12
ǫijklmb
†
kb
†
l b
†
m|0 > Qb´ijµ + b†i |0 > Qib´µ (10)
where the lower case Latin letters i, j, k, l,m, ... = 1, 2, ..., 5 are SU(5) indices, the
lower case Greek letters µ, ν, ρ, ... = 1, 2, ..., 10 represent SO(10) indices, while the
lower case Latin letters with accent a´, b´, c´, d´ = 1, 2, 3 are generation indices. The
SU(5) field content of 160 + 160 multiplet is
160(Ψ(+)µ) = 1(P̂) + 5¯(Pi) + 5(P
i) + 5(P̂i) + 10(Pij) + 10(P̂ij) + 15(P
(S)
ij )
+24(Pij) + 40(P
i
jkl) + 45(P
ij
k ) (11)
160(Ψ(−)µ) = 1(Q̂) + 5(Qi) + 5¯(Qi) + 5¯(Q̂i) + 10(Qij) + 10(Q̂ij) + 15(Q
ij
(S))
+24(Qij) + 40(Q
ijk
l ) + 45(Q
i
jk) (12)
These SU(5) fields are extracted from the reducible fields appearing in Eqs.(9)
and (10) as follows:
100 = 50 + 50 : Pijµ =
(
Pijck ,P
ij
ck
)
≡
(
R[ij]k,R
[ij]
k
)
100 = 50 + 50 : Qµij = (Qijck ,Qijck) ≡
(
Sk[ij],S[ij]k
)
50 = 25 + 25 : Piµ = (Pick ,Pick) ≡
(
Rki ,Rik
)
50 = 25 + 25 : Qiµ =
(
Qick ,Q
i
ck
)
≡
(
Sik,S
ik
)
10 = 5 + 5 : Pµ = (Pck ,Pck) ≡
(
Pk,Pk
)
10 = 5 + 5 : Qµ = (Qck ,Qck) ≡
(
Qk,Qk
)
50 = 45 + 5 : R
[ij]
k = P
ij
k +
1
4
(
δ
j
kP̂
i − δikP̂j
)
50 = 45 + 5 : Si[jk] = Q
i
jk +
1
4
(
δikQ̂j − δijQ̂k
)
50 = 40 + 10 : R[ij]k = ǫijlmnPklmn + ǫ
ijklmP̂lm
50 = 40 + 10 : S[ij]k = ǫijlmnQ
lmn
k + ǫijklmQ̂
lm
25 = 24 + 1 : Rij = P
i
j +
1
5
δijP̂
25 = 24 + 1 : Sij = Q
i
j +
1
5
δijQ̂
25 = 10 + 15 : Rij =
1
2
(
Pij +P
(S)
ij
)
25 = 10 + 15 : Sij =
1
2
(
Qij +Qij(S)
)
(13)
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3.2 Oscillator mode expansion of irreducible 144 and 144
multiplets
The vector-spinor |Ψ(+)µ > is unconstrained, has 160 components and is reducible.
To see how the 160 plet can be reduced, we note that Γµ|Ψ(+)µ > is a 16 dimensional
SO(10) spinor. Thus one way to define an irreducible 144 (144) dimensional vector-
spinor is to impose the constraint
Γµ|Υ(±)µ >= 0 (14)
We explore now the implication of the above constraint. The contraction of Γµ
with the 160+160 multiplet |Ψ(±)µ > gives
Γµ|Ψ(+)µ >= b†1b†2b†3b†4b†5|0 > P̂+
1
12
ǫijklmb
†
kb
†
l b
†
m|0 >
(
Pij + 6P̂ij
)
+b†i |0 >
(
Pi + P̂i
)
Γµ|Ψ(−)µ >= |0 > P̂+ 1
2
b
†
ib
†
j |0 >
(
Qij + 6Q̂ij
)
+
1
24
ǫijklmb
†
jb
†
kb
†
l b
†
m|0 >
(
Qi + Q̂i
)
(15)
Thus to get the 144 and 144 spinor, |Υ(±)µ >, we need to impose the following
conditions:
P̂ = 0, P̂i = −Pi, P̂ij = −1
6
Pij
Q̂ = 0, Q̂i = −Qi, Q̂ij = −1
6
Qij (16)
Hence, we have following relation
|Υ(±)µ >=
(
|Ψ(±)µ >
)
constraint of Eq.(16)
(17)
The above implies that certain components of the 160 and 160 multiplets are either
zero or are related thus reducing the number of independent components from 160
to 144. For completeness, we give the expansion of the constrained 144 and 144
vector-spinors in its oscillator modes(
144
144
)
: |Υ(±)µ >=
(
|Υ(±)cn >, |Υ(±)c¯n >
)
|Υ(+)cn >= |0 > Pn +
1
2
b
†
ib
†
j |0 >
[
ǫijklmPnklm −
1
6
ǫijnlmPlm
]
+
1
24
ǫijklmb
†
jb
†
kb
†
l b
†
m|0 > Pni
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|Υ(+)c¯n >= |0 > Pn +
1
2
b
†
ib
†
j |0 >
[
Pijn +
1
4
(
δinP
j − δjnPi
)]
+
1
24
ǫijklmb
†
jb
†
kb
†
l b
†
m|0 >
[
1
2
Pin +
1
2
P
(S)
in
]
|Υ(−)cn >= b†1b†2b†3b†4b†5|0 > Qn +
1
12
ǫijklmb
†
kb
†
l b
†
m|0 >
[
Qnij +
1
4
(
δni Qj − δnjQi
)]
+b†i |0 >
[
1
2
Qin +
1
2
Qin(S)
]
|Υ(−)c¯n >= b†1b†2b†3b†4b†5|0 > Qn +
1
12
ǫijklmb
†
kb
†
l b
†
m|0 >
[
ǫijklmQ
klm
n −
1
6
ǫijnlmQ
lm
]
+b†i |0 > Qin (18)
3.3 Normalization conditions and notation
To normalize the SU(5) fields contained in the tensor, |Υ(±)µ >, we carry out a
field redefinition
{5} : Pi = Pi, {5} : Pi = 2√
5
P i, {10} : Pij =
√
6
5
Pij
{15} : P(S)ij =
√
2P(S)ij , {24} : Pij = P ij , {40} : Plijk =
1
6
P lijk
{45} : Pijk = P ijk (19)
{5} : Qi = Qi, {5} : Qi = 2√
5
Qi, {10} : Qij =
√
6
5
Qij
{15} : Qij(S) =
√
2Qij(S), {24} : Qij = Qij , {40} : Qijkl =
1
6
Qijkl
{45} : Qkij = Qkij (20)
In terms of the normalized fields, the kinetic energy of the 144 and 144:
− < ∂AΥ(±)µ|∂AΥ(±)µ > takes the form
L144kin = −∂AP i†∂APi − ∂AP†i ∂APi −
1
2!
∂AP ij†∂APij
− 1
2!
∂AP ij†(S)∂AP(S)ij − ∂AP i†j ∂APji −
1
3!
∂AP ijk†l ∂AP lijk
− 1
2!
∂APk†ij ∂AP ijk (21)
L144kin = −∂AQ†i∂AQi − ∂AQi†∂AQi −
1
2!
∂AQ†ij∂AQij
− 1
2!
∂AQ(S)†ij ∂AQij(S) − ∂AQi†j ∂AQji −
1
3!
∂AQl†ijk∂AQijkl
− 1
2!
∂AQij†k ∂AQkij (22)
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where A = 0, 1, 2, 3 represents the Lorentz index.
For ease of reference we give below the notations that will be used in much of
the paper.
1. The set of indices (U ,U ′)...(Z,Z ′) run over several Higgs representations of
the same kind
2. M(.) represents mass matrices
3. h(.), h¯(.), f (.), f¯ (.), g(.), g¯(.); k(.), k¯(.), l(.), l¯(.) are constants
4. An antisymmetric product of four Γ’s for example, is represented by
Γ[µΓνΓρΓλ] =
1
4!
∑
P
(−1)δPΓµP (1)ΓνP (2)ΓρP (3)ΓλP (4) (23)
with
∑
P denoting the sum over all permutations and δP takes on the value
0 and 1 for even and odd permutations respectively.
4 Higgs Sector Cubic Couplings
In this section we compute the cubic couplings in the superpotential involving two
vector-spinors and one each of the tensors 1, 10, 45, 120, 210, and 126 plet of
Higgs. We will discuss their SU(5)× U(1) decomposed form below.
4.1 The (144× 144× 1) couplings
The (144× 144× 1) coupling structure in the superpotential is
W(1) = h
(1)
a´b´
< Υ∗(−)a´µ|B|Υ(+)b´µ > Φ (24)
Where Φ is the 1-plet of Higgs field. The coupling structure in the SU(5)× U(1)
decomposed form is
W(1) = ih
(1)
a´b´
[
3
5
QTa´iP ib´ +QiTa´ Pb´i +
1
10
QijTa´ Pb´ij +
1
2
QijT(S)a´P(S)b´ij
+QiTa´jPjb´i −
1
6
QijkTa´l P lb´ijk −
1
2
QkTa´ijP ijb´k
]
H (25)
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4.2 The (144× 144× 45) couplings
The (144× 144× 45) couplings in the superpotential is
W(45) =
1
2!
h
(45)
a´b´
< Υ∗(−)a´µ|BΣρσ|Υ(+)b´µ > Φρσ (26)
where Φρσ represents the 45-plet of Higgs field. The couplings in their SU(5)×U(1)
decomposed form are given by
W(45) = h
(45)
a´b´
{[
3√
10
QiTa´jPjb´i +
11
10
√
10
QijTa´ Pb´ij +
3√
10
QijT(S)a´P(S)b´ij +
1
2
√
10
QkTa´ijP ijb´k
− 19
5
√
10
QTa´iP ib´ −
√
5
2
QiTa´ Pb´i +
1
6
√
10
QijkTa´l P lb´ijk
H
+
[
− 1√
2
QkTa´ P lmb´k −
1√
10
QlTa´ Pmb´ +
2√
15
QlkTa´ Pmb´k +
1√
2
QklmTa´n Pnb´k
+
7
20
√
3
ǫijklmQTa´iPb´jk −
1
3
√
10
ǫijklmQTa´nPnb´ijk −
1
4
√
3
5
ǫijklmQnTa´ijPb´nk
+
1
4
ǫijklmQnTa´ijP(S)b´nk
]
Hlm
+
[
− 1√
2
QkTa´lmPb´k +
1√
10
QTa´lPb´m +
2√
15
QkTa´l Pb´km +
1√
2
QkTa´nPnb´klm
+
7
20
√
3
ǫijklmQijTa´ Pkb´ −
1
3
√
10
ǫijklmQijkTa´n Pnb´ +
1
4
√
3
5
ǫijklmQinTa´ Pjkb´n
+
1
4
ǫijklmQinT(S)a´Pjkb´n
]
Hlm
+
[√
2QlTa´ikPkjb´l −
1√
10
QjTa´ikPkb´ +
1√
10
QTa´kPkjb´i −
3
10
√
2
QTaiPjb´
+
1√
2
QjklTa´m Pmb´kli −
1√
15
QjklTa´i Pb´kl −
1√
15
QklTa´ Pjb´ikl +
1
15
√
2
QjkTa´ Pb´ki
−
√
3
10
QjkTa´ P(S)b´ki +
√
3
10
QjkT(S)a´Pb´ki −
1√
2
QjkT(S)a´P(S)b´ki −
√
2QjTa´kPkb´i
Hij

(27)
4.3 The (144× 144× 210) couplings
The (144× 144× 210) coupling structure is
W(210) =
1
4!
h
(210)
a´b´
< Υ∗(−)a´µ|BΓ[νΓρΓσΓλ]|Υ(+)b´µ > Φνρσλ (28)
11
where Φνρσλ represents the 210-plet of Higgs field. The superpotential in the
SU(5)× U(1) decomposed form is
W(210) = ih
(210)
a´b´
{[
1
2
√
15
QiTa´jPjb´i +
1
4
√
15
QijTa´ Pb´ij +
1√
15
QijT(S)a´P(S)b´ij +
1
4
√
15
QkTa´ijP ijb´k
+
7
10
√
3
5
QTa´iP ib´ +
1
2
√
5
3
QiTa´ Pb´i +
1
12
√
15
QijkTa´l P lb´ijk
H
+
[
− 1
2
√
2
QkTa´ P lmb´k −
1
2
√
10
QlTa´ Pmb´ +
1
3
√
15
QlkTa´ Pmb´k −
1
6
√
2
QklmTa´n Pnb´k
+
1
4
√
3
10
ǫijklmQTa´iPb´jk −
1
6
√
10
ǫijklmQTa´nPnb´ijk +
1
8
√
15
ǫijklmQnTa´ijPb´nk
− 1
24
ǫijklmQnTa´ijP(S)b´nk
]
Hlm
+
[
− 1
2
√
2
QkTa´lmPb´k −
1
2
√
10
QTa´lPb´m +
1
3
√
15
QkTa´l Pb´km +
1
6
√
2
QkTa´nPnb´klm
−1
4
√
3
10
ǫijklmQijTa´ Pkb´ +
1
6
√
10
ǫijklmQijkTa´n Pnb´ +
1
8
√
15
ǫijklmQinTa´ Pjkb´n
+
1
24
ǫijklmQinT(S)a´Pjkb´n
]
Hlm
+
[
− 1
3
√
2
QlTa´ikPkjb´l +
1
6
√
10
QjTa´ikPkb´ −
1
6
√
10
QTa´kPkjb´i +
1
20
√
2
QTa´iPjb´
− 1
6
√
2
QjklTa´m Pmb´ikl +
1
6
√
15
QjklTa´i Pklb´ +
1
6
√
15
QklTa´ Pjb´ikl +
5
√
2
9
QjkTa´ Pb´ki
−1
2
√
3
10
QjkTa´ P(S)b´ki +
1
2
√
3
10
QjkT(S)a´Pb´ki −
1
2
√
2
QjkT(S)a´P(S)b´ki −
1√
2
QjTa´kPkb´i
Hij
+
− 1√
5
QjTa´ Pb´ji +
1√
3
QjTa´ P(S)b´ji + 2
√
2
15
QTa´jPjb´i
Hi
+
 1√
5
QijTa´ Pb´j +
1√
3
QijT(S)a´Pb´j + 2
√
2
15
QiTa´jPjb´
Hi
+
[
1
2
√
6
QmTa´ij Pklb´m +
1
2
√
30
QkTa´ijP lb´ −
1
2
√
30
QTa´iPklb´j +
1
2
√
6
QklmTa´n Pnb´mij
+
1
3
√
5
QklmTa´i Pb´mj +
1
3
√
5
QlmTa´ Pkb´mij +
1
15
√
6
QklTa´ Pb´ij
]
H
ij
kl
+
[
1
6
√
5
ǫijklmQipTa´ Ppb´jn +
1
6
√
3
ǫijklmQipT(S)a´Pjnb´p +
1
60
ǫijklmQijTa´ Pnb´
− 1
60
ǫijklmQinTa´ Pjb´ −
1
12
√
15
ǫijklmQinT(S)a´Pjb´ −
1
3
√
6
QnTa´p Ppb´klm +
1
3
√
5
QnTa´k Pb´lm
]
Hklmn
12
+[
1
6
√
5
ǫijklmQpTa´inPb´jp +
1
6
√
3
ǫijklmQpTa´inP(S)b´jp −
1
60
ǫijklmQTa´nPb´ij
− 1
60
ǫijklmQTa´iPb´jn −
1
12
√
15
ǫijklmQTa´iP(S)b´jn +
1
3
√
6
QklmTa´p Ppb´n −
1
3
√
5
QlmTa´ Pkb´n
]
Hnklm
}
(29)
4.4 The (144× 144× 10) couplings
The (144× 144× 10) couplings in the superpotential are given by
W(10) = h
(10)
a´b´
< Υ∗(+)a´µ|BΓν |Υ(+)b´µ > Φν (30)
where Φν represents the 10-plet of Higgs field. The superpotential in its SU(5)×
U(1) decomposed form is
W(10) = ih
(10)(+)
a´b´
{[
1√
15
ǫijlmnPkTa´lmnPb´ik +
1
3
ǫijlmnPkTa´lmnP(S)b´ik −
√
2
5
ǫijklmPTa´lmPb´ik
+2
√
2P ijTa´k Pkb´i −
√
2
5
P iTa´ Pjb´i
Hj
+
[
2
√
3
5
PjTa´ Pb´jk −
4√
5
PjTa´ P(S)b´jk − 2
√
2PTa´jPjb´k +
√
2P lTa´ijkP ijb´l
− 2√
15
PTa´ijP ijb´k
]
Hk
}
(31)
where we have defined
h
(10)(+)
a´b´
=
1
2
(
h
(10)
a´b´
+ h
(10)
b´a´
)
(32)
4.5 The (144× 144× 120) coupling
The (144× 144× 120) couplings in the superpotential are given by
W(120) =
1
3!
h
(120)
a´b´
< Υ∗(+)a´µ|BΓ[νΓρΓλ]|Υ(+)b´µ > Φνρλ (33)
where Φνρλ represents the 120-plet of Higgs field. The superpotential in its SU(5)×
U(1) decomposed form is
W(120) = ih
(120)(−)
a´b´
{[
− 1
3
√
10
ǫijlmnPkTa´lmnPb´ik −
1
3
√
6
ǫijlmnPkTa´lmnP(S)b´ik +
1
5
√
3
ǫijklmPTa´lmPb´ik
13
− 2√
3
P ijTa´k Pkb´i +
1√
15
P iTa´ Pjb´i
]
Hj
+
 4√
15
PjTa´ Pb´jk − 2
√
2
3
PjTa´ P(S)b´jk −
4√
3
PTa´jPjb´k
Hk
+
− 1
3
√
3
ǫijlmnPTa´kPkb´lmn +
1
3
√
2
5
ǫijklmPTa´kPb´lm −
4√
15
PkTa´ P ijb´k − 2
√
2
5
P iTa´ Pjb´
Hij
+
4√2
5
PkTa´i Pb´jk + 4
√
2
15
PkTa´i P(S)b´jk
Hij
+
[
− 1
3
√
10
ǫijmnpP lTa´mnpPb´kl −
1
3
√
6
ǫijmnpP lTa´mnpP(S)b´kl +
1
5
√
3
ǫijlmnPTa´mnPb´kl
+
1
3
√
5
ǫijlmnPTa´mnP(S)b´kl −
2√
3
P ijTa´l P lb´k −
2√
15
P iTa´ Pjb´k
]
Hkij
+
− 2√
3
PjTa´klmPmnb´j −
1√
15
PjTa´ Pnb´jkl −
4
3
√
2
5
PTa´kmPmnb´l +
2
√
2
15
PTa´klPnb´
Hkln

(34)
where we have defined
h
(120)(−)
a´b´
=
1
2
(
h
(120)
a´b´
− h(120)
b´a´
)
(35)
4.6 The (144× 144× 126) couplings
The (144× 144× 126) coupling in the superpotential is
W(126) =
1
5!
h
(126)
a´b´
< Υ∗(+)a´µ|BΓ[νΓρΓσΓλΓθ]|Υ(+)b´µ > Φνρσλθ (36)
where Φνρσλθ represents the 126-plet of Higgs field. The superpotential in its
SU(5)× U(1) decomposed form is
W(126) = ih
(126)(+)
a´b´
{[
− 8
5
√
3
P iTa´ Pb´i
]
H
+
√2
5
PjTa´ Pb´jk −
1√
5
PjTa´ P(S)b´jk −
√
2
5
PTa´jPjb´k
− 1
3
√
10
P lTa´ijkP ijb´l +
1
15
√
3
PTa´ijP ijb´k +
1
5
√
15
PTa´ikP ib´
]
Hk
+
[
1
3
√
30
ǫijlmnPTa´kPkb´lmn −
1
15
ǫijklmPTa´kPb´lm
+
2
5
√
2
3
PkTa´ P ijb´k +
2
5
√
2
15
P iTa´ Pjb´
Hij
14
+[
−2
5
PkTa´i Pb´jk −
2√
15
PkTa´i P(S)b´jk
]
H
ij
(S)
+
[
1
30
ǫijmnpP lTa´mnpPb´kl +
1
6
√
15
ǫijmnpP lTa´mnpP(S)b´kl −
1
5
√
30
ǫijlmnPTa´mnPb´kl
− 1
15
√
2
ǫijlmnPTa´mnP(S)b´kl +
√
2
15
P ijTa´l P lb´k +
1
5
√
2
3
P iTa´ Pjb´k
Hkij
+
[
− 1
3
√
15
PnTa´ijkPrsb´n −
1
15
√
3
PTa´ijPrsb´k +
√
2
15
P ijTa´ Prsb´k
]
Hijkrs
}
(37)
where we have defined
h
(126)(+)
a´b´
=
1
2
(
h
(126)
a´b´
+ h
(126)
b´a´
)
(38)
5 Higgs Sector Quartic Couplings
We discuss now the quartic couplings involving four vector-spinors. We will discuss
specifically the quartic couplings that arise from the cubic couplings discussed in
Sec.(4) by elimination of the 1, 45 and 210 fields assuming they are heavy in the
144 × 144 couplings and by elimination of 10, 120 and 126 + 126 assuming they
are heavy for the 144× 144 couplings. We first discuss the quartic couplings that
arise from the elimination of 1, 10, 45. In this case we start with the superpotenial
W(1,45,210) = h
(1)
a´b´
< Υ∗(−)a´µ|B|Υ(+)b´µ > k
(1)
X
ΦX +
1
2
ΦXM(1)XX ′ΦX ′
+
1
2!
h
(45)
a´b´
< Υ∗(−)a´µ|BΣρσ|Υ(+)b´µ > k
(45)
Y
ΦρσY +
1
2
ΦρσYM(45)YY ′ΦρσY ′
+
1
4!
h
(210)
a´b´
< Υ∗(−)a´µ|BΓ[νΓρΓσΓλ]|Υ(+)b´µ > k
(210)
Z
ΦνρσλZ
+
1
2
ΦνρσλZM(210)ZZ′ΦνρσλZ′ (39)
We then eliminate ΦX , ΦρσY , ΦνρσλZ assuming they are superheavy using the
F-flatness conditions
∂W(1,45,210)
∂ΦX
= 0,
∂W(1,45,210)
∂ΦρσY
= 0,
∂W(1,45,210)
∂ΦνρσλZ
= 0 (40)
We discuss now the individual contribution arising from the elimination of 1, 45
and 210 separately.
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5.1 The (144× 144)
1
(144× 144)
1
couplings
The
(
144× 144
)
1
(
144× 144
)
1
couplings gotten by the singlet mediation are given
by
W
(1)
dim−5 = 2λ
(1)
a´b´,c´d´
< Υ∗(−)a´µ|B|Υ(+)b´µ >< Υ∗(−)c´λ|B|Υ(+)d´λ > (41)
where
< Υ∗(−)a´µ|B|Υ(+)b´µ >= i
{
3
5
QTa´iP ib´ +QiTa´ Pb´i +
1
10
QijTa´ Pb´ij +
1
2
QijT(S)a´P(S)b´ij
+QiTa´jPjb´i −
1
6
QijkTa´l P lb´ijk −
1
2
QkTa´ijP ijb´k
}
(42)
Explicit evaluation of the above quantities gives
W
(1)
dim−5 = λ
(1)
a´b´,c´d´
{
−18
25
QTa´iP ib´QTc´jPjd´ −
12
5
QTa´iP ib´QjTc´ Pd´j −
6
25
QTa´iP ib´QjkTc´ Pd´jk
−6
5
QTa´iP ib´QjkT(S)c´P
(S)
d´jk
− 12
5
QTa´iP ib´QjTc´k Pkd´j +
2
5
QTa´iP ib´QjklTc´m Pmd´jkl
+
6
5
QTa´iP ib´QjTc´klPkld´j − 2QiTa´ Pb´iQjTc´ Pd´j −
2
5
QiTa´ Pb´iQjkTc´ Pd´jk
−2QiTa´ Pb´iQjkT(S)c´P(S)d´jk − 4QiTa´ Pb´iQ
jT
c´k Pkd´j +
2
3
QiTa´ Pb´iQklmTc´j Pjd´klm
+2QiTa´ Pb´iQjTc´klPkld´j −
1
50
QijTa´ Pb´ijQklTc´ Pd´kl −
1
5
QijTa´ Pb´ijQklT(S)c´P(S)d´kl
−2
5
QijTa´ Pb´ijQkTc´l P ld´k +
1
15
QijTa´ Pb´ijQklmTc´n Pnd´klm +
1
5
QijTa´ Pb´ijQkTc´lmP lmd´k
−1
2
QijT(S)a´P(S)b´ij QklT(S)c´P
(S)
d´kl
− 2QijT(S)a´P(S)d´ij QkTc´l P ld´k +
1
3
QijT(S)a´P(S)d´ij QklmTc´n Pnd´klm
+QijT(S)a´P(S)d´ij QkTc´lmP lmd´k − 2QiTa´jP
j
b´i
QkTc´l P ld´k +
2
3
QiTa´jPjb´iQlmnTc´k Pkd´lmn
+2QiTa´jPjb´iQkTc´lmP lmd´k −
1
18
QijkTa´l P lb´ijkQmnoTc´p Ppd´mno −
1
3
QijkTa´l P lb´ijkQmTc´noPnod´m
−1
2
QkTa´ijP ijb´kQlTc´mnP ld´mn
}
(43)
where we have defined
λ
(1)
a´b´,c´d´
= h
(1)
a´b´
h
(1)
c´d´
k
(1)
X
[
M˜(1)
{
M(1)M˜(1) − 1
}]
XX ′ k
(1)
X′
M˜(1) =
[
M(1) +
(
M(1)
)T]−1
(44)
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5.2 The (144× 144)
45
(144× 144)
45
couplings
The
(
144× 144
)
45
(
144× 144
)
45
couplings gotten by the 45 plet mediation are
given by
W
(45)
dim−5 = λ
(45)
a´b´,c´d´
[
−4 < Υ∗(−)a´µ|Bbibj |Υ(+)b´µ >< Υ∗(−)c´λ|Bb†ib†j |Υ(+)d´λ >
+4 < Υ∗(−)a´µ|Bb†ibj |Υ(+)b´µ >< Υ∗(−)c´λ|Bb†jbi|Υ(+)d´λ >
−4 < Υ∗(−)a´µ|Bb†nbn|Υ(+)b´µ >< Υ∗(−)c´λ|B|Υ(+)d´λ >
+5 < Υ∗(−)a´µ|B|Υ(+)b´µ >< Υ∗(−)c´λ|B|Υ(+)d´λ >
]
(45)
where the explicit evaluation in SU(5)× U(1) decomposition gives
< Υ∗(−)a´µ|Bbibj |Υ(+)b´µ >= i
−QkTa´ P ijb´k − 12√5QiTa´ Pjb´ + 12√5QjTa´ P ib´ +
√
2
15
QikTa´ Pjb´k
−
√
2
15
QjkTa´ P ib´k +QijkTa´l P lb´k +
7
10
√
6
ǫijklmQTa´kPb´lm
− 1
3
√
5
ǫijklmQTa´nPnb´klm +
1
2
√
3
10
ǫijklmQnTa´klPb´mn
+
1
2
√
2
ǫijklmQnTa´klP(S)b´mn
}
(46)
< Υ∗(−)a´µ|Bb†ib†j |Υ(+)b´µ >= i
−QkTa´ijPb´k − 12√5QTa´jPib´ + 12√5QTa´iPb´j +
√
2
15
QkTa´i Pb´kj
−
√
2
15
QkTa´j Pb´ki +QkTa´l P lb´ijk +
7
10
√
6
ǫijklmQklTa´ Pmb´
− 1
3
√
5
ǫijklmQklmTa´n Pnb´ +
1
2
√
3
10
ǫijklmQknTa´ P lmb´n
+
1
2
√
2
ǫijklmQknTa´(S)P lmb´n
}
(47)
< Υ∗(−)a´µ|Bb†ibj |Υ(+)b´µ >= i
{
QlTa´ikPkjb´l −
1
2
√
5
QjTa´ikPkb´ +
1
2
√
5
QTa´kPkjb´i
− 3
20
QTa´iPjb´ −
1
20
δ
j
iQTa´kPkb´ +
1
2
QjklTa´m Pmb´ikl
−1
6
δ
j
iQklmTa´n Pnb´klm −
1√
30
QjklTa´i Pklb´ −
1√
30
QklTa´ Pjb´ikl
+
1
30
QjkTa´ Pb´ki +
1
6
δ
j
iQklTa´ Pb´kl −
1
2
√
3
5
QjkTa´ P(S)b´ki
17
+
1
2
√
3
5
QjkT(S)a´Pb´ki −
1
2
QjkT(S)a´P(S)b´ki +
1
2
δ
j
iQklT(S)a´P(S)b´kl
−QjTa´kPkb´i + δjiQlTa´kPkb´l
}
(48)
< Υ∗(−)a´µ|Bb†nbn|Υ(+)b´µ >= i
{
4QiTa´jPjb´i +
4
5
QijTa´ Pb´ij + 2QijT(S)a´P(S)b´ij −QkTa´ijP
ij
b´k
−2
5
QTa´iP ib´ −
1
3
QijkTa´l P lb´ijk
}
(49)
where
λ
(45)
a´b´,c´d´
= h
(45)
a´b´
h
(45)
c´d´
k
(45)
Y
[
M˜(45)
{
M(45)M˜(45) − 1
}]
YY ′ k
(45)
Y′
M˜(45) =
[
M(45) +
(
M(45)
)T]−1
(50)
5.3 The (144× 144)
210
(144× 144)
210
couplings
The
(
144× 144
)
210
(
144× 144
)
210
couplings are gotten by 210 mediation and are
given by
W
(210)
dim−5 = −
1
18
λ
(210)
ab,cd
[
8 < Υ∗(−)a´ν |Bb†ibjbkbl|Υ(+)b´ν >< Υ∗(−)c´λ|Bb†jb†kb†l bi|Υ(+)d´λ >
−6 < Υ∗(−)a´µ|Bb†ib†jbkbl|Υ(+)b´µ >< Υ∗(−)c´λ|Bb†kb†l bibj |Υ(+)d´λ >
−2 < Υ∗(−)a´µ|Bbibjbkbl|Υ(+)b´µ >< Υ∗(−)c´λ|Bb†ib†jb†kb†l |Υ(+)d´λ >
+24 < Υ∗(−)a´µ|Bb†ibj |Υ(+)b´µ >< Υ∗(−)c´λ|Bb†jb†nbnbi|Υ(+)d´λ >
−12 < Υ∗(−)a´µ|Bb†ib†j |Υ(+)b´µ >< Υ∗(−)c´λ|Bb†nbnbibj |Υ(+)d´λ >
−12 < Υ∗(−)a´µ|Bbibj |Υ(+)b´µ >< Υ∗(−)c´λ|Bb†ib†jb†nbn|Υ(+)d´λ >
−6 < Υ∗(−)a´µ|Bb†mbm|Υ(+)b´µ >< Υ∗(−)c´λ|Bb†nbn|Υ(+)d´λ >
−6 < Υ∗(−)a´µ|B|Υ(+)b´µ >< Υ∗(−)c´λ|Bb†mb†nbnbm|Υ(+)d´λ >
+18 < Υ∗(−)a´µ|Bbibj |Υ(+)b´µ >< Υ∗(−)c´λ|Bb†ib†j |Υ(+)d´λ >
−18 < Υ∗(−)a´µ|Bb†ibj |Υ(+)b´µ >< Υ∗(−)c´λ|Bb†jbi|Υ(+)d´λ >
+24 < Υ∗(−)a´µ|B|Υ(+)b´µ >< Υ∗(−)c´λ|Bb†nbn|Υ(+)d´λ >
−15 < Υ∗(−)a´µ|B|Υ(+)b´µ >< Υ∗(−)c´λ|B|Υ(+)d´λ >
]
(51)
We carry out now an SU(5)× U(1) decomposition of these and get
< Υ∗(−)a´µ|Bb†ibjbkbl|Υ(+)b´µ >= i

√
2
15
QklTa´ Pjb´i −
√
2
15
(
δkiQnlTa´ − δliQnkTa´
)
Pj
b´n
18
+√
2
15
QljTa´ Pkb´i −
√
2
15
(
δliQnjTa´ − δjiQnlTa´
)
Pk
b´n
+
√
2
15
QjkTa´ P lb´i −
√
2
15
(
δ
j
iQnkTa´ − δkiQnjTa´
)
P l
b´n
−QjklTa´m Pmb´i +
(
δ
j
iQnklTa´m + δkiQnljTa´m + δliQnjkTa´m
)
Pm
b´n
−
√
3
10
ǫjklmnQpTa´miPb´np −
1√
2
ǫjklmnQpTa´miP(S)b´np
+
1
10
√
3
2
ǫjklmnQTa´iPb´mn +
1
10
√
3
2
ǫjklmnQTa´mPb´ni
+
1
2
√
10
ǫjklmnQTa´mP(S)b´ni
}
(52)
< Υ∗(−)c´λ|Bb†jb†kb†l bi|Υ(+)d´λ >= i

√
2
15
QiTc´j Pd´kl −
√
2
15
QmTc´j
(
δikPd´ml − δilPd´mk
)
+
√
2
15
QiTc´l Pd´jk −
√
2
15
QmTc´l
(
δijPd´mk − δikPd´mj
)
+
√
2
15
QiTc´kPd´lj −
√
2
15
QmTc´k
(
δilPd´mj − δijPd´ml
)
−QiTc´mPmd´jkl +QmTc´n
(
δijPnd´mkl + δikPnd´mlj + δilPnd´mjk
)
+
√
3
10
ǫjklmnQmpTc´ Pnid´p +
1√
2
ǫjklmnQmpT(S)c´ Pnid´p
+
1
10
√
3
2
ǫjklmnQmnTc´ P id´ −
1
10
√
3
2
ǫjklmnQmiTc´ Pnd´
− 1
2
√
10
ǫjklmnQmiT(S)c´Pnd´
}
(53)
< Υ∗(−)a´µ|Bb†ib†jbkbl|Υ(+)b´µ >= i
{
QmTa´ij Pklb´m +
1
2
√
5
QkTa´ijP lb´ −
1
2
√
5
QlTa´ijPkb´
+
1
2
√
5
QTa´jPklb´i −
1
2
√
5
QTa´iPklb´j −
1
20
(
δkjQTa´i − δkiQTa´j
)
P l
b´
− 1
20
(
δliQTa´j − δljQTa´i
)
Pk
b´
+QklmTa´n Pnb´ijm
−1
2
QkmnTa´p
(
δljPpb´imn − δliP
p
b´jmn
)
− 1
2
QlmnTa´p
(
δki Ppb´jmn − δkjP
p
b´imn
)
+
(
δliδ
k
j − δki δlj
)(
−1
6
QmnpTa´q Pqb´mnp +
7
30
QmnTa´ Pb´mn +QmTa´n Pnb´m +
1
2
QmnT(S)a´ P(S)b´mn
)
+
√
2
15
QklmTa´i Pb´mj −
√
2
15
QklmTa´j Pb´mi
19
− 1√
30
(
δkjQlmnTa´i − δkiQlmnTa´j − δljQkmnTa´i + δliQkmnTa´j
)
Pb´mn
−
√
2
15
QlmTa´ Pkb´mij +
√
2
15
QkmTa´ P lb´mij
− 1√
30
QmnTa´
(
δliPkb´jmn − δljPkb´imn − δki P lb´jmn + δkjP lb´imn
)
+
1
2
(
δliQkmTa´ − δkiQlmTa´
)1
3
Pb´mj −
√
3
5
P(S)b´mj

+
1
2
(
δkjQlmTa´ − δljQkmTa´
)1
3
Pb´mi −
√
3
5
P(S)b´mi

+
1
2
(
δliQkmT(S)a´ − δkiQlmT(S)a´
)√3
5
Pb´mj −P(S)b´mj

+
1
2
(
δkjQlmT(S)a´ − δljQkmT(S)a´
)√3
5
Pb´mi − P(S)b´mi

−
(
δkjQlTa´m − δljQkTa´m
)
Pm
b´i
−
(
δliQkTa´m − δkiQlTa´m
)
Pm
b´j
+
2
15
QklTa´ Pb´ij
}
(54)
< Υ∗(−)a´µ|Bbibjbkbl|Υ(+)b´µ >= i
−
√
3
10
ǫijklmQnTa´ Pb´nm +
1√
2
ǫijklmQnTa´ P(S)b´nm
+
2√
5
ǫijklmQTa´nPnb´m
}
(55)
< Υ∗(−)c´λ|Bb†ib†jb†kb†l |Υ(+)d´λ >= i

√
3
10
ǫijklmQmnTc´ Pd´n +
1√
2
ǫijklmQmnT(S)c´ Pd´n
+
2√
5
ǫijklmQmTc´n Pnd´
}
(56)
< Υ∗(−)c´λ|Bb†jb†nbnbi|Υ(+)d´λ >= i
{
QlTc´jkPkid´l −
1
2
√
5
QiTc´jkPkd´ +
1
2
√
5
QTc´kPkid´j
− 3
20
QTc´jP id´ −
1
20
δijQTc´kPkd´ +
1
2
QiklTc´m Pmd´jkl
−1
6
δijQklmTc´n Pnd´klm −
1√
30
QiklTc´j Pkld´ −
1√
30
QklTc´ P id´jkl
+
19
30
QikTc´ Pd´kj +
23
30
δijQklTc´ Pd´kl −
3
2
√
3
5
QikTc´ P(S)d´kj
20
+
3
2
√
3
5
QikT(S)c´Pd´kj −
3
2
QikT(S)c´P(S)d´kj +
3
2
δijQklT(S)c´P(S)d´kl
−3QiTc´kPkd´j + 3δijQlTc´kPkd´l
}
(57)
< Υ∗(−)c´λ|Bb†nbnbibj |Υ(+)d´λ >= i

√
2
15
QikTc´ Pjd´k −
√
2
15
QjkTc´ P id´k +QijkTc´l P ld´k
+
1
10
√
3
2
ǫijklmQTc´kPd´lm +
1
2
√
3
10
ǫijklmQnTc´klPd´mn
+
1
2
√
2
ǫijklmQnTc´klP(S)d´mn
}
(58)
< Υ∗(−)c´λ|Bb†ib†jb†nbn|Υ(+)d´λ >= i

√
2
15
QkTc´i Pd´kj −
√
2
15
QkTc´j Pd´ki +QkTc´l P ld´ijk
+
1
10
√
3
2
ǫijklmQklTc´ Pmd´ +
1
2
√
3
10
ǫijklmQknTc´ P lmd´n
+
1
2
√
2
ǫijklmQknTd´(S)P lmb´n
}
(59)
< Υ∗(−)c´λ|Bb†mb†nbnbm|Υ(+)d´λ >= i
{
12QiTc´j Pjd´i +
16
5
QijTc´ Pd´ij + 6QijT(S)c´P(S)d´ij
−QkTc´ijP ijd´k −
2
5
QTc´iP id´ −
1
3
QijkTc´l P ld´ijk
}
(60)
where
λ
(210)
a´b´,c´d´
= h
(210)
a´b´
h
(210)
c´d´
k
(210)
Z
[
M˜(210)
{
M(210)M˜(210) − 1
}]
ZZ′ k
(210)
Z′
M˜(210) =
[
M(210) +
(
M(210)
)T]−1
(61)
5.4 The (144× 144)
10
(144× 144)
10
couplings
Here we consider the quartic interactions that arise from mediation by the 10 plet
of Higgs. We begin by considering the superpotential
W(10)
′
=
1
2
ΦνUM(10)UU ′ΦνU ′ + h
(10)
a´b´
< Υ∗(+)a´µ|BΓν |Υ(+)b´µ > k
(10)
U
ΦνU
+h¯
(10)
a´b´
< Υ∗(−)a´µ|BΓν |Υ(−)b´µ > k¯
(10)
U
ΦνU (62)
21
Elimination of the ΦνU as a superheavy field using the F-flatness condition
∂W(10)
′
∂ΦνU
= 0 (63)
leads to the quartic interaction generated by 10 mediation.
W
(144×144)10(144×144)10
= 2λ
(10)
a´b´,c´d´
< Υ∗(+)a´µ|BΓρ|Υ(+)b´µ >< Υ∗(+)c´ν |BΓρ|Υ(+)d´ν >
= 8λ
(10)
a´b´,c´d´
< Υ∗(+)a´µ|Bbi|Υ(+)b´µ >< Υ∗(+)c´ν |Bb†i |Υ(+)d´ν >
= 4λ
(10)(+)
a´b´,c´d´
(
8PTa´iµP
ij
b´µ
PTc´jνPd´ν − ǫjklmnPTa´iµPijb´µPklTc´ν Pmnd´ν
)
(64)
where
λ
(10)(+)
a´b´,c´d´
= h
(10)(+)
a´b´
h
(10)(+)
c´d´
k
(10)
U
[
M˜(10)
{
M(10)M˜(10) − 1
}]
UU ′ k
(10)
U′
(65)
and
M˜(10) =
[
M(10) +
(
M(10)
)T]−1
(66)
5.5 The (144× 144)
10
(144× 144)
10
couplings
An analysis similar to the above gives in this case the following
W
(144×144)10(144×144)10
= 2λ¯
(10)
a´b´,c´d´
< Υ∗(−)a´µ|BΓρ|Υ(−)b´µ >< Υ∗(−)c´ν |BΓρ|Υ(−)d´ν >
= 8λ¯
(10)
a´b´,c´d´
< Υ∗(−)a´µ|Bbi|Υ(−)b´µ >< Υ∗(−)c´ν |Bb†i |Υ(−)d´ν >
= 4λ¯
(10)(+)
a´b´,c´d´
(
−8QiTa´µQb´ijµQjTc´ν Qd´ν + ǫjklmnQiTa´µQb´ijµQTc´klνQd´mnν
)
(67)
where
λ¯
(10)(+)
a´b´,c´d´
= h¯
(10)(+)
a´b´
h¯
(10)(+)
c´d´
k¯
(10)
U
[
M˜(10)
{
M(10)M˜(10) − 1
}]
UU ′ k¯
(10)
U′
(68)
5.6 The (144× 144)
10
(144× 144)
10
couplings
An analysis similar to above gives
W
(144×144)10(144×144)10
= −2θ(10)
a´b´,c´d´
< Υ∗(+)a´µ|BΓρ|Υ(+)b´µ >< Υ∗(−)c´ν |BΓρ|Υ(−)d´ν >
= −4θ(10)
a´b´,c´d´
[
< Υ∗(+)a´µ|Bbi|Υ(+)b´µ >< Υ∗(−)c´ν |Bb†i |Υ(−)d´ν >
+ < Υ∗(+)a´µ|Bb†i |Υ(+)b´µ >< Υ∗(−)c´ν |Bbi|Υ(−)d´ν >
]
= 2θ
(10)(+)
a´b´,c´d´
(
8PTa´iνP
ij
b´ν
QkTc´µ Qd´kjµ − 8PTa´iνPb´νQiTc´µQd´µ
22
−PijTa´ν Pklb´νQTc´klµQd´ijµ +PijTa´ν Pklb´νQTc´ikµQd´jlµ
−PijTa´ν Pklb´νQTc´ilµQd´jkµ + ǫijklmPTa´iνPb´νQTc´jkµQd´lmµ
+ǫijklmP
ijT
a´ν P
kl
b´ν
QmTc´µ Qd´µ
)
(69)
where
θ
(10)(+)
a´b´,c´d´
= h
(10)(+)
a´b´
h¯
(10)(+)
c´d´
k
(10)
U
M˜(10)UU ′ k¯
(10)
U′
(70)
Further details of the decomposition of the couplings generated by 10 mediation
are given in Appendix A.
5.7 The (144× 144)
120
(144× 144)
120
couplings
We begin by considering the superpotenial
W(120)
′
=
1
2
ΦνρλVM(120)V V ′ΦρνλV ′ +
1
3!
h
(120)
a´b´
< Υ∗(+)a´µ|BΓ[νΓρΓλ]|Υ(+)b´µ > k
(120)
V
ΦνρλV
+
1
3!
h¯
(120)
a´b´
< Υ∗(−)a´µ|BΓ[νΓρΓλ]|Υ(−)b´µ > k¯
(120)
V
ΦνρλV (71)
Eliminating ΦνρλV using the F flatness condition
∂W(120)
′
∂ΦνρλV
= 0 (72)
we obtain
W
(144×144)120(144×144)120
=
1
18
λ
(120)
a´b´,c´d´
< Υ∗(+)a´µ|BΓ[νΓρΓλ]|Υ(+)b´µ >< Υ∗(+)c´ν |BΓ[νΓρΓλ]|Υ(+)d´ν >
=
1
18
λ
(120)
a´b´,c´d´
[
< Υ∗(+)a´µ|BΓνΓρΓλ|Υ(+)b´µ >< Υ∗(+)c´ν |BΓνΓρΓλ|Υ(+)d´ν >
−28 < Υ∗(+)a´µ|BΓν |Υ(+)b´µ >< Υ∗(+)c´ν |BΓν |Υ(+)d´ν >
]
=
8
9
λ
(120)
a´b´,c´d´
[
< Υ∗(+)a´µ|Bbibjbk|Υ(+)b´µ >< Υ∗(+)c´ν |Bb†ib†jb†k|Υ(+)d´ν >
−6 < Υ∗(+)a´µ|Bbi|Υ(+)b´µ >< Υ∗(+)c´ν |Bb†i |Υ(+)d´ν >
+3 < Υ∗(+)a´µ|Bb†i |Υ(+)b´µ >< Υ∗(+)c´ν |Bb†nbnbi|Υ(+)d´ν >
+3 < Υ∗(+)a´µ|Bbi|Υ(+)b´µ >< Υ∗(+)c´ν |Bb†ib†nbn|Υ(+)d´ν >
+3 < Υ∗(+)a´µ|Bb†ib†jbk|Υ(+)b´µ >< Υ∗(+)c´ν |Bb†kbibj |Υ(+)d´ν >
]
=
8
3
λ
(120)(−)
a´b´,c´d´
[
−4PTa´iµPb´jµPijTc´ν Pd´ν + 4PTa´µPb´iµPijTc´ν Pd´jν
+ǫijklmP
ijT
a´µ P
kn
b´µ
PTc´nνP
lm
d´ν
]
(73)
23
where
λ
(120)(−)
a´b´,c´d´
= h
(120)(−)
a´b´
h
(120)(−)
c´d´
k
(120)
V
[
M˜(120)
{
M(120)M˜(120) − 1
}]
V V ′
k
(120)
V ′
(74)
and
M˜(120) =
[
M(120) +
(
M(120)
)T]−1
(75)
5.8 The (144× 144)
120
(144× 144)
120
couplings
An analysis similar to the above gives
W
(144×144)120(144×144)120
=
1
18
λ¯
(120)
a´b´,c´d´
< Υ∗(−)a´µ|BΓ[νΓρΓλ]|Υ(−)b´µ >< Υ∗(−)c´ν |BΓ[νΓρΓλ]|Υ(−)d´ν >
=
1
18
λ¯
(120)
a´b´,c´d´
[
< Υ∗(−)a´µ|BΓνΓρΓλ|Υ(−)b´µ >< Υ∗(−)c´ν |BΓνΓρΓλ|Υ(−)d´ν >
−28 < Υ∗(−)a´µ|BΓν |Υ(−)b´µ >< Υ∗(−)c´ν |BΓν |Υ(−)d´ν >
]
=
8
9
λ¯
(120)
a´b´,c´d´
[
< Υ∗(−)a´µ|Bbibjbk|Υ(−)b´µ >< Υ∗(−)c´ν |Bb†ib†jb†k|Υ(−)d´ν >
−6 < Υ∗(−)a´µ|Bbi|Υ(−)b´µ >< Υ∗(−)c´ν |Bb†i |Υ(−)d´ν >
+3 < Υ∗(−)a´µ|Bb†i |Υ(−)b´µ >< Υ∗(−)c´ν |Bb†nbnbi|Υ(−)d´ν >
+3 < Υ∗(−)a´µ|Bbi|Υ(−)b´µ >< Υ∗(−)c´ν |Bb†ib†nbn|Υ(−)d´ν >
+3 < Υ∗(−)a´µ|Bb†ib†jbk|Υ(−)b´µ >< Υ∗(−)c´ν |Bb†kbibj |Υ(−)d´ν >
]
=
8
3
λ¯
(120)(−)
a´b´,c´d´
[
4QTa´iµQb´jµQ
ijT
c´ν Qd´ν − 4QTa´µQb´iµQijTc´ν Qd´jν
−ǫijklmQijTa´µ Qknb´µQTc´nνQlmd´ν
]
(76)
where
λ¯
(120)(−)
a´b´,c´d´
= h¯
(120)(−)
a´b´
h¯
(120)(−)
c´d´
k¯
(120)
V
[
M˜(120)
{
M(120)M˜(120) − 1
}]
V V ′
k¯
(120)
V ′
(77)
5.9 The (144× 144)
120
(144× 144)
120
couplings
Starting with cubic couplings involving the 120-plet of fields and following the
same procedure as above one gets the following
W
(144×144)120(144×144)120
= − 1
18
θ
(120)
a´b´,c´d´
< Υ∗(+)a´µ|BΓ[νΓρΓλ]|Υ(+)b´µ >< Υ∗(−)c´ν |BΓ[νΓρΓλ]|Υ(−)d´ν >
= − 1
18
θ
(120)
a´b´,c´d´
[
< Υ∗(+)a´µ|BΓνΓρΓλ|Υ(+)b´µ >< Υ∗(−)c´ν |BΓνΓρΓλ|Υ(−)d´ν >
24
−28 < Υ∗(+)a´µ|BΓν |Υ(+)b´µ >< Υ∗(−)c´ν |BΓν |Υ(−)d´ν >
]
= −4
9
θ
(120)
a´b´,c´d´
[
< Υ∗(+)a´µ|Bbibjbk|Υ(+)b´µ >< Υ∗(−)c´ν |Bb†ib†jb†k|Υ(−)d´ν >
−6 < Υ∗(+)a´µ|Bbi|Υ(+)b´µ >< Υ∗(−)c´ν |Bb†i |Υ(−)d´ν >
+3 < Υ∗(+)a´µ|Bb†i |Υ(+)b´µ >< Υ∗(−)c´ν |Bb†nbnbi|Υ(−)d´ν >
+3 < Υ∗(+)a´µ|Bbi|Υ(+)b´µ >< Υ∗(−)c´ν |Bb†ib†nbn|Υ(−)d´ν >
+3 < Υ∗(+)a´µ|Bb†ib†jbk|Υ(+)b´µ >< Υ∗(−)c´ν |Bb†kbibj |Υ(−)d´ν >
+ < Υ∗(−)a´ν |Bbibjbk|Υ(−)b´ν >< Υ∗(+)c´µ|Bb†ib†jb†k|Υ(+)d´µ >
−6 < Υ∗(−)a´ν |Bbi|Υ(−)b´ν >< Υ∗(+)c´µ|Bb†i |Υ(+)d´µ >
+3 < Υ∗(−)a´ν |Bb†i |Υ(−)b´ν >< Υ∗(+)c´µ|Bb†nbnbi|Υ(+)d´µ >
+3 < Υ∗(−)a´ν |Bbi|Υ(−)b´ν >< Υ∗(+)c´µ|Bb†ib†nbn|Υ(+)d´µ >
+3 < Υ∗(−)a´ν |Bb†ib†jbk|Υ(−)b´ν >< Υ∗(+)c´µ|Bb†kbibj |Υ(+)d´µ >
]
=
4
3
θ
(120)(−)
a´b´,c´d´
[
4PijTa´ν Pb´νQ
T
c´ijµQd´µ − 4PTa´iνPb´jνQiTc´µQjd´µ
−4PijTa´ν Pklb´νQTc´ijµQd´klµ − 8PijTa´ν Pklb´νQTc´jkµQd´ilµ
+ǫijklmP
ijT
a´ν P
kl
b´ν
QTc´µQ
m
d´µ
− 4ǫijklmPTa´νPb´iνQTc´jkµQd´lmµ
+8PTa´νPb´iνQ
T
c´µQ
i
d´µ
+ 4PTa´iνP
jk
b´ν
QiTc´µQd´jkµ
−4PTa´iνPijb´νQkTc´µ Qd´kjµ
]
(78)
where
θ
(120)(−)
a´b´,c´d´
= h
(120)(−)
a´b´
h¯
(120)(−)
c´d´
k
(120)
V
M˜(120)V V ′ k¯
(120)
U′
(79)
The SU(5)×U(1) decomposition of the quartic couplings can be carried out using
the results given in Appendix B.
5.10 The (144× 144)
126
(144× 144)
126
couplings
Here we begin by considering the superpotential
W(126,126)
′
=
1
2
ΦνρσλϑWM(126,126)WW ′ ΦρνσλϑW ′
+
1
5!
h
(126)
a´b´
< Υ∗(+)a´µ|BΓ[νΓρΓσΓλΓϑ]|Υ(+)b´µ > k
(126)
W
ΦνρσλϑW
+
1
5!
h¯
(126)
a´b´
< Υ∗(−)a´µ|BΓ[νΓρΓσΓλΓϑ]|Υ(−)b´µ > k¯
(126)
W
ΦνρσλϑW
+
1
5!
h¯
(126)
a´b´
< Υ∗(−)a´µ|BΓ[νΓρΓσΓλΓϑ]|Υ(−)b´µ > k¯
(126)
W
ΦνρσλϑW (80)
25
Eliminating ΦνρσλϑW , ΦνρσλϑW through the F flatness conditions
∂W(126,126)
′
∂ΦνρσλϑW
= 0,
∂W(126,126)
′
∂ΦνρσλϑW
= 0 (81)
gives the quartic interaction below
W
(144×144)
126
(144×144)126
=
1
7200
κ
(126,126)
a´b´,c´d´
< Υ∗(+)a´µ|BΓ[νΓρΓσΓλΓϑ]|Υ(+)b´µ >
× < Υ∗(−)c´τ |BΓ[νΓρΓσΓλΓϑ]|Υ(−)d´τ >
=
2
15
κ
(126,126)(+)
a´b´,c´d´
[
2PTa´µPb´µQ
T
c´νQd´ν − 2PTa´µPijb´µQTc´νQd´ijν
+2PTa´iµPb´jµQ
iT
c´νQ
j
d´ν
+ 48PTa´µPb´kµQ
T
c´νQ
k
d´ν
−2PijTa´µ Pb´kµQTc´ijνQkd´ν +PijTa´µ Pb´jµQTc´ikνQkd´ν
+6PijTa´µ P
kl
b´µ
QTc´ijνQd´klν − 30PijTa´µ Pklb´µQTc´ikνQd´jlν
+9PijTa´µ P
kl
b´µ
QTc´ilνQd´jkν + 2ǫ
ijklmPTa´µPb´iµQ
T
c´jkνQd´lmν
+2ǫijklmP
ijT
a´µ P
kl
b´µ
QTc´νQ
m
d´ν
]
(82)
where
κ
(126,126)(+)
a´b´,c´d´
= h
(126)(+)
a´b´
h¯
(126)(+)
c´d´
k¯
(126)
W
M̂(126,126)WW ′ k
(126)
W′
(83)
and
M̂(126,126) =
(
M(126,126)
)−1 [(
M(126,126)
)
T
(
M(126,126)
)−1
− 2 · 1
]
(84)
5.11 The (144× 144)
126
(16× 16)
126
couplings
The analysis here follows a very similar approach as above and one gets
W
(144×144)
126
(16×16)126
=
1
7200
ς
(126,126)
a´b´,c´d´
< Υ∗(+)a´µ|BΓ[νΓρΓσΓλΓϑ]|Υ(+)b´µ >
× < Ψ∗(−)c´|BΓ[νΓρΓσΓλΓϑ]|Ψ(−)d´ >
=
2
15
ς
(126,126)(+)
a´b´,c´d´
[
2PTa´µPb´µN
T
c´ Nd´ − 2PTa´µPijb´µNTc´ Nd´ij
+2PTa´iµPb´jµN
iT
c´ N
j
d´
+ 48PTa´µPb´kµN
T
c´ N
k
d´
−2PijTa´µ Pb´kµNTc´ijNkd´ +PijTa´µ Pb´jµNTc´ikNkd´
+6PijTa´µ P
kl
b´µ
NTc´ijNd´kl − 30PijTa´µ Pklb´µNTc´ikNd´jl
+9PijTa´µ P
kl
b´µ
NTc´ilNd´jk + 2ǫ
ijklmPTa´µPb´iµN
T
c´jkNd´lm
+2ǫijklmP
ijT
a´µ P
kl
b´µ
NTc´ N
m
d´
]
(85)
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where
ς
(126,126)(+)
a´b´,c´d´
= h
(126)(+)
a´b´
f¯
(126)(+)
c´d´
l¯
(126)
W
M̂(126,126)WW ′ k
(126)
W′
(86)
Further decomposition in the SU(5) × U(1) basis can be carried out using the
results in Appendix C.
6 Matter-Higgs Couplings
In this section we evaluate the quartic couplings involving two semi-spinors of
matter fields, i.e., the 16 plets of matter fields and two vector-spinor fields. We
will utilize the analysis of Sec.(4) to compute these quartic couplings. Thus the
couplings would arise by mediation from 10, 120 and 126+126 between the matter
sector and the Higgs sector. We discuss now these computations in detail below.
6.1 The (16× 16)
10
(144× 144)
10
couplings
For the computation of the (16× 16)10
(
144× 144
)
10
couplings arising from the
10 mediation we consider the superpotential
W(10)
′′
=
1
2
ΦνUM(10)UU ′ΦνU ′ + h
(10)
a´b´
< Υ∗(+)a´µ|BΓν |Υ(+)b´µ > k
(10)
U
ΦνU
+f
(10)
a´b´
< Ψ∗(+)a´|BΓν |Ψ(+)b´ > l
(10)
U
ΦνU + h¯
(10)
a´b´
< Υ∗(−)a´µ|BΓν |Υ(−)b´µ > k¯
(10)
U
ΦνU (87)
Eliminating ΦνU using F flatness condition we get
W
(16×16)10(144×144)10
= −2ξ(10)
a´b´,c´d´
< Ψ∗(+)a´|BΓρ|Ψ(+)b´ >< Υ∗(+)c´ν |Γρ|Υ(+)d´ν >
= −4ξ(10)
a´b´,c´d´
[
< Ψ∗(+)a´|Bbi|Ψ(+)b´ >< Υ∗(+)c´ν |Bb†i |Υ(+)d´ν >
+ < Ψ∗(+)a´|Bb†i |Ψ(+)b´ >< Υ∗(+)c´ν |Bbi|Υ(+)d´ν >
]
= 2ξ
(10)(+)
a´b´,c´d´
(
ǫjklmnM
T
a´iM
ij
b´
PklTc´µ P
mn
d´µ
− 8MTa´iMijb´ PTc´jµPd´µ
+ǫjklmnM
klT
a´ M
mn
b´
PTc´iµP
ij
d´µ
− 8MTa´jMb´PTc´iµPijd´µ
)
(88)
where
ξ
(10)(+)
a´b´,c´d´
= f
(10)(+)
a´b´
h
(10)(+)
c´d´
l
(10)
U
M˜(10)UU ′k
(10)
U′
(89)
and
M˜(10) =
[
M(10) +
(
M(10)
)T]−1
(90)
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6.2 The (16× 16)
10
(144× 144)
10
couplings
An analysis similar to the above gives
W
(16×16)10(144×144)10
= −2ζ (10)
a´b´,c´d´
< Ψ∗(+)a´|BΓρ|Ψ(+)b´ >< Υ∗(−)c´ν |BΓρ|Υ(−)d´ν >
= −4ζ (10)
a´b´,c´d´
[
< Ψ∗(+)a´|Bbi|Ψ(+)b´ >< Υ∗(−)c´ν |Bb†i |Υ(−)d´ν >
+ < Ψ∗(+)a´|Bb†i |Ψ(+)b´ >< Υ∗(−)c´ν |Bbi|Υ(−)d´ν >
]
= 2ζ
(10)(+)
a´b´,c´d´
(
8MTa´iM
ij
b´
QkTc´µ Qd´kjµ − 8MTa´iMb´QiTc´µQd´µ
−MijTa´ Mklb´ QTc´klµQd´ijµ +MijTa´ Mklb´ QTc´ikµQd´jlµ
−MijTa´ Mklb´ QTc´ilµQd´jkµ + ǫijklmMTa´iMb´QTc´jkµQd´lmµ
+ǫijklmM
ijT
a´ M
kl
b´
QmTc´µ Qd´µ
)
(91)
where
ζ
(10)(+)
a´b´,c´d´
= f
(10)(+)
a´b´
h¯
(10)(+)
c´d´
l
(10)
U
M˜(10)UU ′k¯
(10)
U′
(92)
To obtain the reduction of the results of Secs. (6.1) and (6.2) in the SU(5)×U(1)
basis we use the results of Appendix.A.
6.3 The (16× 16)
120
(144× 144)
120
couplings
Here we begin by considering the superpotential
W(120)
′′
=
1
2
ΦνρλVM(120)V V ′ΦρνλV ′ +
1
3!
h
(120)
a´b´
< Υ∗(+)a´µ|BΓ[νΓρΓλ]|Υ(+)b´µ > k
(120)
V
ΦνρλV
+
1
3!
f
(120)
a´b´
< Ψ∗(+)a´|BΓ[νΓρΓλ]|Ψ(+)b´ > l
(120)
V
ΦνρλV
+
1
3!
h¯
(120)
a´b´
< Υ∗(−)a´µ|BΓ[νΓρΓλ]|Υ(−)b´µ > k¯
(120)
V
ΦνρλV (93)
Eliminating ΦνρλV by the F flatness condition we get
W
(16×16)120(144×144)120
= − 1
18
ξ
(120)
a´b´,c´d´
< Ψ∗(+)a´|BΓ[νΓρΓλ]|Ψ(+)b´ >< Υ∗(+)c´ν |BΓ[νΓρΓλ]|Υ(+)d´ν >
= − 1
18
ξ
(120)
a´b´,c´d´
[
< Ψ∗(+)a´|BΓνΓρΓλ|Ψ(+)b´ >< Υ∗(+)c´ν |BΓνΓρΓλ|Υ(+)d´ν >
−28 < Ψ∗(+)a´|BΓν|Ψ(+)b´ >< Υ∗(+)c´ν |BΓν |Υ(+)d´ν >
]
= −4
9
ξ
(120)
a´b´,c´d´
[
< Ψ∗(+)a´|Bbibjbk|Ψ(+)b´ >< Υ∗(+)c´ν |Bb†ib†jb†k|Υ(+)d´ν >
−6 < Ψ∗(+)a´|Bbi|Ψ(+)b´ >< Υ∗(+)c´ν |Bb†i |Υ(+)d´ν >
28
+3 < Ψ∗(+)a´|Bb†i |Ψ(+)b´ >< Υ∗(+)c´ν |Bb†nbnbi|Υ(+)d´ν >
+3 < Ψ∗(+)a´|Bbi|Ψ(+)b´ >< Υ∗(+)c´ν |Bb†ib†nbn|Υ(+)d´ν >
+3 < Ψ∗(+)a´|Bb†ib†jbk|Ψ(+)b´ >< Υ∗(+)c´ν |Bb†kbibj |Υ(+)d´ν >
+ < Υ∗(+)a´ν |Bbibjbk|Υ(+)b´ν >< Ψ∗(+)c´|Bb†ib†jb†k|Ψ(+)d´ >
−6 < Υ∗(+)a´ν |Bbi|Υ(+)b´ν >< Ψ∗(+)c´|Bb†i |Ψ(+)d´ >
+3 < Υ∗(+)a´ν |Bb†i |Υ(+)b´ν >< Ψ∗(+)c´|Bb†nbnbi|Ψ(+)d´ >
+3 < Υ∗(+)a´ν |Bbi|Υ(+)b´ν >< Ψ∗(+)c´|Bb†ib†nbn|Ψ(+)d´ >
+3 < Υ∗(+)a´ν |Bb†ib†jbk|Υ(+)b´ν >< Ψ∗(+)c´|Bb†kbibj |Ψ(+)d´ >
]
=
4
3
ξ
(120)(−)
a´b´,c´d´
[
4MTa´iMb´jP
ijT
c´ν Pd´ν + 4M
ijT
a´ Mb´P
T
c´iνPd´jν
−4MTa´Mb´iPijTc´ν Pd´jν − 4MijTa´ Mb´jPTc´νPd´iν
−ǫijklmMijTa´ Mknb´ PTc´nνPlmd´ν − ǫijklmMTa´nMlmb´ PijTc´ν Pknd´ν
]
(94)
where
ξ
(120)(−)
a´b´,c´d´
= f
(120)(−)
a´b´
h
(120)(−)
c´d´
l
(120)
V
M˜(120)V V ′ k
(120)
V ′
(95)
and
M˜(120) =
[
M(120) +
(
M(120)
)T]−1
(96)
6.4 The (16× 16)
120
(144× 144)
120
couplings
An analysis similar to the above gives
W
(16×16)120(144×144)120
= − 1
18
ζ
(120)
a´b´,c´d´
< Ψ∗(+)a´|BΓ[νΓρΓλ]|Ψ(+)b´ >< Υ∗(−)c´ν |BΓ[νΓρΓλ]|Υ(−)d´ν >
= − 1
18
ζ
(120)
a´b´,c´d´
[
< Ψ∗(+)a´|BΓνΓρΓλ|Ψ(+)b´ >< Υ∗(−)c´ν |BΓνΓρΓλ|Υ(−)d´ν >
−28 < Ψ∗(+)a´|BΓν|Ψ(+)b´ >< Υ∗(−)c´ν |BΓν |Υ(−)d´ν >
]
= −4
9
ζ
(120)
a´b´,c´d´
[
< Ψ∗(+)a´|Bbibjbk|Ψ(+)b´ >< Υ∗(−)c´ν |Bb†ib†jb†k|Υ(−)d´ν >
−6 < Ψ∗(+)a´|Bbi|Ψ(+)b´ >< Υ∗(−)c´ν |Bb†i |Υ(−)d´ν >
+3 < Ψ∗(+)a´|Bb†i |Ψ(+)b´ >< Υ∗(−)c´ν |Bb†nbnbi|Υ(−)d´ν >
+3 < Ψ∗(+)a´|Bbi|Ψ(+)b´ >< Υ∗(−)c´ν |Bb†ib†nbn|Υ(−)d´ν >
+3 < Ψ∗(+)a´|Bb†ib†jbk|Ψ(+)b´ >< Υ∗(−)c´ν |Bb†kbibj |Υ(−)d´ν >
+ < Υ∗(−)a´ν |Bbibjbk|Υ(−)b´ν >< Ψ∗(+)c´|Bb†ib†jb†k|Ψ(+)d´ >
−6 < Υ∗(−)a´ν |Bbi|Υ(−)b´ν >< Ψ∗(+)c´|Bb†i |Ψ(+)d´ >
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+3 < Υ∗(−)a´ν |Bb†i |Υ(−)b´ν >< Ψ∗(+)c´|Bb†nbnbi|Ψ(+)d´ >
+3 < Υ∗(−)a´ν |Bbi|Υ(−)b´ν >< Ψ∗(+)c´|Bb†ib†nbn|Ψ(+)d´ >
+3 < Υ∗(−)a´ν |Bb†ib†jbk|Υ(−)b´ν >< Ψ∗(+)c´|Bb†kbibj |Ψ(+)d´ >
]
=
4
3
ζ
(120)(−)
a´b´,c´d´
[
4MijTa´ Mb´Q
T
c´ijµQd´µ − 4MTa´iMb´jQiTc´µQjd´µ
−4MijTa´ Mklb´ QTc´ijµQd´klµ − 8MijTa´ Mklb´ QTc´jkµQd´ilµ
+ǫijklmM
ijT
a´ M
kl
b´
QTc´µQ
m
d´µ
− 4ǫijklmMTa´Mb´iQTc´jkµQd´lmµ
+8MTa´Mb´iQ
T
c´µQ
i
d´µ
+ 4MTa´iM
jk
b´
QiTc´µQd´jkµ
−4MTa´iMijb´ QkTc´µ Qd´kjµ
]
(97)
where
ζ
(120)(−)
a´b´,c´d´
= f
(120)(−)
a´b´
h¯
(120)(−)
c´d´
l
(120)
U
M˜(120)V V ′ k¯
(120)
V ′
(98)
Further reduction of the above to the SU(5)×U(1) basis can be achieved by using
Appendix B.
6.5 The (16× 16)
126
(144× 144)
126
couplings
Finally we consider the matter-Higgs couplings via 126 + 126 mediation. Here we
begin by considering the superpotential
W(126,126)
′′
=
1
2
ΦνρσλϑWM(126,126)WW ′ ΦρνσλϑW ′
+
1
5!
f
(126)
a´b´
< Ψ∗(+)a´|BΓ[νΓρΓσΓλΓϑ]|Ψ(+)b´ > l
(126)
W
ΦνρσλϑW
+
1
5!
h¯
(126)
a´b´
< Υ∗(−)a´µ|BΓ[νΓρΓσΓλΓϑ]|Υ(−)b´µ > k¯
(126)
W
ΦνρσλϑW
(99)
Eliminating ΦνρσλϑW , ΦνρσλϑW , by use of F flatness gives
W
(16×16)
126
(144×144)126
=
1
7200
̺
(126,126)
a´b´,c´d´
< Ψ∗(+)a´|BΓ[νΓρΓσΓλΓϑ]|Ψ(+)b´ >
× < Υ∗(−)c´µ|BΓ[νΓρΓσΓλΓϑ]|Υ(−)d´µ >
=
2
15
̺
(126,126)
a´b´,c´d´
[
2MTa´Mb´Q
T
c´µQd´µ − 2MTa´Mijb´ QTc´µQd´ijµ
+2MTa´iMb´jQ
iT
c´µQ
j
d´µ
+ 48MTa´Mb´kQ
T
c´µQ
k
d´µ
−2MijTa´ Mb´kQTc´ijµQkd´µ +MijTa´ Mb´jQTc´ikµQkd´µ
30
+6MijTa´ M
kl
b´
QTc´ijµQd´klµ − 30MijTa´ Mklb´ QTc´ikµQd´jlµ
+9MijTa´ M
kl
b´
QTc´ilµQd´jkµ + 2ǫ
ijklmMTa´Mb´iQ
T
c´jkµQd´lmµ
+2ǫijklmM
ijT
a´ M
kl
b´
QTc´µQ
m
d´µ
]
(100)
where
̺
(126,126)
a´b´,c´d´
= f
(126)
a´b´
h¯
(126)
c´d´
k¯
(126)
W
M̂(126,126)WW ′ l
(126)
W′
(101)
and
M̂(126,126) =
(
M(126,126)
)−1 [(
M(126,126)
)
T
(
M(126,126)
)−1
− 2 · 1
]
(102)
A further reduction of the quartic interactions to the SU(5) × U(1) basis can be
achieved by use of Appendix C.
7 The Gauge Couplings of Vector-Spinors
In this section we compute the interactions of the 144 and 144 with gauge tensors
1 and 45.
7.1 The 144
† × 144× 1 couplings
These couplings are given by
L
(1)
++ = g
(1)
a´b´
< Υ(+)a´µ|γ0γA|Υ(+)b´µ > ΦAρσ (103)
where γA(A,B = 0 − 3) spans the Clifford algebra associated with the Lorentz
group. An explicit analysis in the SU(5)× U(1) basis gives
L
(1)
++ = g
(1)
a´b´
{[
P ia´jγAPjb´i + P
ij
a´ γ
APb´ij +
1
2
P ij(S)a´γAP(S)b´ij +
1
2
Pka´ijγAP ijb´k
+P a´iγAP ib´ +
1
6
P ia´γAPb´i +
1
2
P ijka´l γAP lb´ijk
]
GA (104)
7.2 The 144† × 144× 1 couplings
These couplings are given by
L
(1)
−− = g¯
(1)
a´b´
< Υ(−)a´µ|γ0γA|Υ(−)b´µ > ΦAρσ (105)
An explicit analysis in the SU(5)× U(1) basis gives
L
(1)
−− = g¯
(1)
a´b´
{[
Qja´iγAQib´j +Qa´ijγAQijb´ +
1
2
Q(S)a´ij γAQij(S)b´ +
1
2
Qija´kγAQkb´ij
+Qia´γAQb´i +
1
6
Qa´iγAQib´ +
1
2
Qla´ijkγAQijkb´l
]
GA (106)
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7.3 The 144
† × 144× 45 couplings
These couplings are defined by
L
(45)
++ =
1
i
1
2!
g
(45)
a´b´
< Υ(+)a´µ|γ0γAΣρσ|Υ(+)b´µ > ΦAρσ (107)
An expansion in the SU(5)× U(1) basis using the Basic Theorem gives
L
(45)
++ = g
(45)
a´b´
{[
− 3√
5
P ia´jγAPjb´i −
7
10
√
5
P ija´ γAPb´ij −
3
2
√
5
P ij(S)a´γAP(S)b´ij +
1
2
√
5
Pka´ijγAP ijb´k
+
21
5
√
5
P a´iγAP ib´ −
√
5P ia´γAPb´i +
1
6
√
5
P ijka´l γAP lb´ijk
]
GA
+
[
1√
2
Pka´γAP lmb´k +
1√
10
P la´γAPmb´ +
2√
15
P lka´ γAPmb´k +
1√
2
Pklma´n γAPnb´k
− 1
20
√
3
ǫijklmP a´iγAPb´jk +
1
3
√
10
ǫijklmP a´nγAPnb´ijk −
1
4
√
3
5
ǫijklmPna´ijγAPb´nk
+
1
4
ǫijklmPna´ijγAP(S)b´nk
]
GAlm
+
[
1√
2
Pka´lmγAPb´k −
1√
10
P a´lγAPb´m +
2√
15
Pka´lγAPb´km +
1√
2
Pka´nγAPnb´klm
− 1
20
√
3
ǫijklmP ija´ γAPkb´ +
1
3
√
10
ǫijklmP ijka´n γAPnb´ +
1
4
√
3
5
ǫijklmP ina´ γAPjkb´n
+
1
4
ǫijklmP in(S)a´γAPjkb´n
]
GlmA
+
[√
2P la´ikγAPkjb´l −
1√
10
P ja´ikγAPkb´ +
1√
10
P a´kγAPkjb´i −
3
10
√
2
PaiγAPjb´
+
1√
2
Pjkla´mγAPmb´kli −
1√
15
Pjkla´i γAPb´kl −
1√
15
Pkla´ γAPjb´ikl −
17
15
√
2
P jka´ γAPb´ki
+
√
3
10
Pjka´ γAP(S)b´ki −
√
3
10
Pjk(S)a´γAPb´ki +
1√
2
Pjk(S)a´γAP(S)b´ki +
√
2P ja´kγAPkb´i
GiAj

(108)
The barred matter fields are defined so that Pjka´ = Pjk†a´ γ0, etc..
7.4 The 144† × 144× 45 couplings
These gauge couplings are defined by
L
(45)
−− =
1
i
1
2!
g¯
(45)
a´b´
< Υ(−)a´µ|γ0γAΣρσ|Υ(−)b´µ > ΦAρσ (109)
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An analysis in the SU(5)× U(1) basis using the Basic Theorem gives
L
(45)
−− = g¯
(45)
a´b´
{[
3√
5
Qja´iγAQib´j +
7
10
√
5
Qa´ijγAQijb´ +
3
2
√
5
Q(S)a´ij γAQij(S)b´ −
1
2
√
5
Qija´kγAQkb´ij
− 21
5
√
5
Qia´γAQb´i −
√
5Qa´iγAQib´ −
1
6
√
5
Qla´ijkγAQijkb´l
]
GA
+
[
1√
2
Qlma´kγAQkb´ +
1√
10
Qma´ γAQlb´ +
2√
15
Qma´kγAQlkb´ +
1√
2
Qna´kγAQklmb´n
− 1
20
√
3
ǫijklmQa´jkγAQb´i +
1
3
√
10
ǫijklmQna´ijkγAQb´n −
1
4
√
3
5
ǫijklmQa´nkγAQnb´ij
+
1
4
ǫijklmQ(S)a´nkγAQnb´ij
]
GAlm
+
[
1√
2
Qa´kγAQkb´lm −
1√
10
Qa´mγAQb´l +
2√
15
Qa´kmγAQkb´l +
1√
2
Qna´klmγAQkb´n
− 1
20
√
3
ǫijklmQka´γAQijb´ +
1
3
√
10
ǫijklmQna´γAQijkb´n +
1
4
√
3
5
ǫijklmQjka´nγAQinb´
+
1
4
ǫijklmQjka´nγAQin(S)b´
]
GlmA
+
[
−
√
2Qkja´l γAQlb´ik +
1√
10
Qka´γAQjb´ik −
1√
10
Qkja´iγAQb´k +
3
10
√
2
Qja´γAQb´i
− 1√
2
Qma´iklγAQjklb´m +
1√
15
Qa´klγAQjklb´i +
1√
15
Qja´iklγAQklb´ +
17
15
√
2
Qa´kiγAQjkb´
−
√
3
10
Q(S)a´kiγAQjkb´ +
√
3
10
Qa´kiγAQjk(S)b´ −
1√
2
Q(S)a´kiγAQjk(S)b´ −
√
2Qka´iγAQjb´k
GiAj

(110)
The above concludes our analysis of the interactions of the vector-spinors with
Higgs multiplets in tensor representations, self-couplings of the vector-spinors, and
of the couplings of the vector-spinors with the matter in the spinor 16-plet repre-
sentations. These couplings are of considerable value in the analysis of spontaneous
breaking of the SO(10)gauge symmetry, in the analysis of proton life time, and in
the analysis of quark-lepton textures and in the study of neutrino masses. In the
next section we give few illustrative examples of the utility of the couplings for
these analyses.
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8 Use of Vector-Spinor Couplings in Model Build-
ing
In this section we illustrate to the reader the use of vector-spinor couplings for
further development of SO(10) model building discussed in Ref.[3]. In particular,
we discuss the breaking of SO(10) group down to the Standard Model group,
doublet-triplet splitting, mass growth of quarks and leptons, and baryon and lepton
violating dimension five operators.
In Ref.[3] it was shown that breaking of SO(10) to the Standard Model gauge
group can be accomplished in one step. In the following we give a simpler illus-
tration of how this comes about. This simpler example includes in superpotential
a masss term for 144× 144 and interaction terms mediated by 45 and 210 and is
given by
W = W(144H×144H ) +W(144H×160H )45(144H×144H )45
+W(144H×144H )210(144H×144H )210 (111)
Explicit forms of these couplings are
W(144H×144H ) = M < Υ∗(−)µ|B|Υ(+)µ >
W(144H×144H )45(144H×144H )45 =
Λ45
M ′
< Υ∗(−)µ|BΣρλ|Υ(+)µ >
· < Υ∗(−)ν |BΣρλ|Υ(+)ν >
W(144H×144H )210(144H×144H )210 =
Λ210
M ′
< Υ∗(−)µ|BΓ[ρΓσΓλΓξ]|Υ(+)µ >
· < Υ∗(−)ν |BΓ[ρΓσΓλΓξ]|Υ(+)ν > (112)
8.1 One step breaking of SO(10) GUT symmetry
The terms that contribute to one step breaking of GUT symmetry: SO(10) →
SU(3)C × SU(2)L × U(1)Y are
W
GS
= MQijPji + α1QijPjiQkl P lk + α2QikPkjQjlP li (113)
where
α1 =
1
M ′
(
−Λ45 + 1
6
Λ210
)
α2 =
1
M ′
(−4Λ45 − Λ210) (114)
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For symmetry breaking we invoke the following vacuum expectation values (VEV’s)
< Qij >= q diag(2, 2, 2,−3,−3), < P ij >= p diag(2, 2, 2,−3,−3) (115)
and together with the minimization of W
GS
, we find
MM ′
qp
= 116λ45 + 4λ210 (116)
The D-flatness condition < 144 >=< 144 > gives q = p. With the above VEV,
spontaneous breaking of SO(10) occurs down to the Standard Model group.
8.2 Doublet triplet splitting
As discussed in Ref.[3]in the scenario with one step breaking of SO(10) both Higgs
doublets and the Higgs triplets will be heavy. However, it is possible to get a pair
of light Higgs doublets by fine tuning, a procedure which is justified in the context
of landscape scenarios as discussed in Ref.[3]. Here we illustrate this explicitly
for the case of the superpotential of Eq.(111). To this end we collect the relevant
terms using mixed SO(10) and SU(5) indices:
W
DT
= M
(
QµPµ − 1
2
QijµP
ij
µ
)
+
Λ45
M ′
(
8QiµPjµQikνP
kj
ν +Q
i
µPiµQjkνP
jk
ν
+6QµPµQ
i
νPiν
)
+
Λ210
M ′
(
−2
3
QiµPjµQikνP
kj
ν −
1
6
QiµPiµQjkνP
jk
ν
−1
3
QµPµQ
i
νPiν −
8
3
QµPiµQ
i
νPν
)
(117)
when expanded in purely SU(5) indices, we get,
W
DT
=
[
M +
1
M ′
(
6Λ45 − 1
3
Λ210
)
< Qmn >< P
n
m >
] [
QiP
i +QiPi
]
−8
3
Λ210
M ′
< Qim >< P
m
j > QiP
j[
−1
2
M +
1
M ′
(
Λ45 − 1
6
Λ210
)
< Qmn >< P
n
m >
] [
Qkij −
1
4
(
δkiQj − δkjQi
)]
×
[
Pijk −
1
4
(
δikP
j − δjkPi
)]
+
[
1
M ′
(
Λ45 − 1
6
Λ210
)
< Qim >< P
m
j >
] [
Qkil −
1
4
(
δkiQl − δkl Qi
)]
×
[
Pljk −
1
4
(
δlkP
j − δjkPl
)]
(118)
Note that in addition to the pairs of doublets: (Qα, P
α), (Qα, Pα) (α, β, γ =
4, 5) and pairs of triplets: (Qa, P
a), (Qa, Pa) (a, b, c = 1, 2, 3) there are also pairs
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of SU(2) doublets and SU(3)C triplets and anti-triplets that reside in Q
k
ij and P
ij
k .
We denote them by (Q˜α, P˜
α), (Q˜a, P˜
a), (Q˜a, P˜a). These can be decomposed as
follows
Qbbα = −Qββα = Q˜α, Pbαb = −Pβαβ = P˜α
Qbba = −Qββa = Q˜a, Pbab = −Pβaβ = P˜a
Qabα = Q˜
a
bα +
1
3
δab Q˜α, P
aα
b = P˜
aα
b +
1
3
δab P˜
α, Q˜bbα = 0 = P˜
bα
b
Qαβa = Q˜
α
βa −
1
2
δαβ Q˜a, P
ab
α = P˜
αa
β −
1
2
δαβ P˜
a, Q˜ααb = 0 = P˜
αb
α
Qabc = Q˜
a
bc +
1
2
(
δab Q˜c − δac Q˜b
)
, Pabc = P˜
ab
c +
1
2
(
δac P˜
b − δbcP˜a
)
, Q˜aab = 0 = P˜
ab
a
Qαβγ = Q˜
α
βγ +
(
δαγ Q˜β − δαβ Q˜γ
)
, Pαβγ = P˜
αβ
γ +
(
δβγ P˜
α − δαγ P˜β
)
, Q˜ααβ = 0 = P˜
αβ
α
Qaαβ = ǫαβQ˜
a, Pαβa = ǫ
αβP˜a (119)
The kinetic energy of the 45 and 45 fields is given by
−∂AQkij∂AQk†ij − ∂APijk ∂APij†k = −∂AQ˜α∂AQ˜†α − ∂AQ˜a∂AQ˜†a − ∂AQ˜a∂AQ˜a†
−∂AP˜α∂AP˜α† − ∂AP˜a∂AP˜a† − ∂AP˜a∂AP˜†a − .... (120)
so that the doublet and triplet fields are normalized according to
Q˜α =
1
2
√
3
2
Q˜α, Q˜a =
√
2
3
Q˜a, Q˜a = 1√
2
Q˜a
P˜α =
1
2
√
3
2
P˜α, P˜a =
√
2
3
P˜a, P˜a = 1√
2
P˜a (121)
The mass matrix of the Higgs doublets is given by
 35M + p2M′ ( 6665 Λ45 − 27310 Λ210) 14
√
15
2
p2
M′
(8Λ45 − 23Λ210) 0
1
4
√
15
2
p2
M′
(8Λ45 − 23Λ210) − 12M +
p2
M′
(−37Λ45 + 712Λ210) 0
0 0 M + p
2
M′
(180Λ45 − 10Λ210)
 (122)
where the columns are labelled by (Qα, Q˜α,Pα) and rows by (Pα, P˜α,Qα). The
triplet mass matrix in the basis where the columns are labelled by (Qa, Q˜a,Pa, P˜a)
and rows by (Pa, P˜a,Qa, Q˜a) is given by

3
5
M + p
2
M′
( 696
5
Λ45 − 25715 Λ210) 12
√
10
3
p2
M′
(8Λ45 − 23Λ210) 0 0
1
2
√
10
3
p2
M′
(8Λ45 − 23Λ210) − 23M +
p2
M′
(−16Λ45 − 2Λ210) 0 0
0 0 M + p
2
M′
(180Λ45 − 10Λ210) 0
0 0 0 − 1
2
M + p
2
M′
(−42Λ45 +Λ210)

(123)
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It is clear from the above Higgs mass matrices that one needs to diagonalize
in the Higgs doublet sub-sectors (Q˜α, P˜α) and (Qα,Pα) and in the Higgs triplet
subsectors (Q˜a, P˜a) and (Qa,Pa). After, diagonalization we have the following
pairs of doublets and triplets:
D1 : (Qα,Pα), T1 : (Qa,Pa)
D2 : (Q′α,P ′α), T2 : (Q′a,P ′a)
D3 : (Q˜′α, P˜ ′α), T3 : (Q˜′a, P˜ ′a)
T4 : (Q˜a, P˜a) (124)
The prime fields above are expressed in terms of the original ones through the
following transformation matrices[
(Q′a,P ′a)
(Q˜′a, P˜ ′a)
]
=
[
cos ϑT sinϑT
− sinϑT cosϑT
] [
(Qa,Pa)
(Q˜a, P˜a)
]
(125)
[
(Q′α,P ′α)
(Q˜′α, P˜ ′α)
]
=
[
cosϑD sinϑD
− sin ϑD cosϑD
] [
(Qα,Pα)
(Q˜α, P˜α)
]
(126)
where
tanϑT =
1
t3
(
t2 +
√
t2
2 + t32
)
, tanϑD =
1
d3
(
d2 +
√
d2
2 + d3
2
)
(127)
and that
d1 =
1
10
M +
p2
M ′
(
481
5
Λ45 − 1603
60
Λ210
)
d2 = −11
10
M +
p2
M ′
(
−851
5
Λ45 +
1673
60
Λ210
)
d3 =
1
2
√
15
2
p2
M ′
(
8Λ45 − 2
3
Λ210
)
t1 = − 1
15
M +
p2
M ′
(
616
5
Λ45 − 287
15
Λ210
)
t2 = −19
15
M +
p2
M ′
(
−776
5
Λ45 +
227
15
Λ210
)
t3 =
√
10
3
p2
M ′
(
8Λ45 − 2
3
Λ210
)
(128)
The mass eigenvalues are found to be
MD2,D3 =
1
2
(
d1 ±
√
d2
2 + d3
2
)
MT2,T3 =
1
2
(
t1 ±
√
t22 + t32
)
(129)
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and of course
MD1 = MT1 = M +
p2
M ′
(180Λ45 − 10Λ210)
MT4 = −
1
2
M +
p2
M ′
(−42Λ45 + Λ210) (130)
As an illustration we discuss in further detail the implication of the massless-
ness condition for the doublet D2. Here the condition MD2 = 0 together with the
symmetry breaking condition, Eq. (116) gives a relationship among the parameters
Λ45 and Λ210(
539
5
Λ45 − 1579
60
Λ210
)2
=
(
−1489
5
Λ45 +
1409
60
Λ210
)2
+
15
8
(
8Λ45 − 2
3
Λ210
)2
(131)
The two roots to the equations above are
Λ210 ≈ 7.4Λ45, Λ210 ≈ −37.2Λ45 (132)
Using the roots above the full doublet-triplet Higgs mass spectrum can now be
computed. The results are summarized in the Table below.
Massless Doublet D2. MD and MT are in units of M ≡ p
2
M ′
Λ45
M
M
Λ210
Λ45
MD1 MD3 MT1 MT2 MT3 MT4
145.6 7.4 251.6 -87.0 251.6 99.8 127.9 92.6
-32.8 -37.2 519.0 1086 519.0 757.7 78.8 137.2
8.3 Quark, lepton and neutrino masses
As pointed out in Ref.[3] the quark, lepton and neutrino masses can arise from the
quartic couplings involving two 16-plets of matter and two 144-plet of Higgs fields.
Cubic Yukawa couplings arise when one of the two 144-plets is replaced by a VEV
while mass terms arise when the remaining Higgs field in the cubic interaction
develops a VEV. As an illustration of how this comes about in a concrete way we
will consider the following quartic coupling for computing the masses of quarks and
leptons: (16× 16)120(144× 144)120, (16× 16)120(144× 144)120, (16× 16)126(144×
144)126. However, this subsection is to be treated as an independent one. That is
we do not make use of the results of the previous subsections here.
The relevant terms in Eqs. (94), (97) and (100) that gives mass growth to
quarks and leptons are
W
(120)
mass = ξ
(120)(−)
a´b´,c´d´
[
−4
3
ǫijklmM
ijT
a´ M
kn
b´
4
3
PxTc´n P lmd´x −
4
3
√
5
ǫijklmM
ijT
a´ M
kn
b´
P lTc´nPmd´
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−16
3
MijTa´ Mb´jPTc´kPkd´i −
16
3
MTa´Mb´iP ijTc´k Pkd´j
− 8
3
√
5
MTa´Mb´iPjTc´ P id´j +
32
15
MTa´iMb´jPjTc´ P id´
]
+ζ
(120)(−)
a´b´,c´d´
[
4
3
ǫijklmM
ijT
a´ M
kl
b´
QnTc´ Qmd´n +
16
3
MTa´iM
jk
b´
QiTc´xQxd´jk
−16
3
MTa´iM
ij
b´
QkTc´x Qxd´kj +
16
3
√
5
MTa´iM
jk
b´
QiTc´j Qd´k
+
8
3
√
5
MTa´iM
ij
b´
QkTc´j Qd´k −
16
3
MTa´Mb´iQjTc´ Qid´j
]
(133)
and
W
(126,126)
mass = ̺
(126,126)(+)
a´b´,c´d´
[
4
15
ǫijklmM
ijT
a´ M
kl
b´
QnTc´ Qmd´n
− 4
15
MijTa´ Mb´k
(
QlTc´ijQkd´l −
1√
5
QTc´jQkd´i
)
+
1
15
MijTa´ Mb´j
(
2QlTc´ikQkd´l +
1√
5
QTc´kQkd´i
)
+
32
5
MTa´Mb´iQjTc´ Qid´j +
16
15
√
5
MTa´Mb´QiTc´ Qd´i
]
(134)
For completeness we identify the Standard Model particles as follows:
Ma´ = ν
C
La´; Ma´α = D
C
La´α; M
αβ
a´ = ǫ
αβγUCLa´γ ; Ma´4 = E
−
La´
M4αa´ = U
α
La´; Ma´5 = νLa´; M
5α
a´ = D
α
La´; M
45
a´ = E
+
La´ (135)
where α, β, γ = 1, 2, 3 are color indices and the superscript C denotes charge con-
jugation. We adopt the convention that all particles are left handed(L).
We now single out the terms that are candidates for Majorana and Dirac neu-
trinos, Type II see-saw mechanism, down-type and up-type quarks and charged
leptons.
Candidates for Majorana Neutrinos:
Ma´Mb´
{[
16
15
√
5
̺
(126,126)(+)
a´b´,c´d´
]
Qic´Qd´i
}
(136)
Candidates for Dirac Neutrinos:
Ma´iMb´
{[
8
3
√
5
ξ
(120)(−)
a´b´,c´d´
]
Pjc´P id´j +
[
16
3
ξ
(120)(−)
a´b´,c´d´
]
P ijc´kPkd´j
+
[
32
5
̺
(126,126)(+)
a´b´,c´d´
+
16
3
ζ
(120)(−)
a´b´,c´d´
]
Qjc´Qid´j
}
(137)
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Candidates for Type II See-Saw Mechanism:
Ma´iMb´j
[
−32
15
ξ
(120)(−)
a´b´,c´d´
]
P ic´Pjd´ (138)
Candidates for Down-type Quarks and Charged Leptons:
Mija´Mb´j
{[
−16
3
ξ
(120)(−)
a´b´,c´d´
]
Pkc´iPd´k
+
[
1
15
√
5
̺
(126,126)(+)
a´b´,c´d´
+
8
3
√
5
ζ
(120)(−)
a´b´,c´d´
]
Qc´kQkd´j
+
[
2
15
̺
(126,126)(+)
a´b´,c´d´
− 16
3
ζ
(120)(−)
a´b´,c´d´
]
Qlc´ikQkd´l
}
+Mija´Mb´k
{
1√
5
[
4
15
√
5
̺
(126,126)(+)
a´b´,c´d´
+
16
3
√
5
ζ
(120)(−)
a´b´,c´d´
]
Qc´jQkd´i
+
[
− 4
15
̺
(126,126)(+)
a´b´,c´d´
+
16
3
ζ
(120)(−)
a´b´,c´d´
]
Qlc´ijQkd´l
}
(139)
Candidates for Up-type Quarks:
ǫijklmM
ij
a´M
kl
b´
{[
4
15
̺
(126,126)(+)
a´b´,c´d´
+
4
3
ζ
(120)(−)
a´b´,c´d´
]
Qnc´Qmd´n
}
+ǫijklmM
in
a´ M
jk
b´
{[
4
3
ξ
(120)(−)
a´b´,c´d´
]
Ppc´nP lmd´p +
[
4
3
√
5
ξ
(120)(−)
a´b´,c´d´
]
P lc´nPmd´
}
(140)
Next we identify the SU(3)C × U(1)em conserving VEV’s:(
< Qic´j >
< P ic´j >
)
=
(
qc´
pc´
)
diag(2, 2, 2,−3,−3)
< Qkc´j5 >=
1
2
√
3
2
< Q˜c´5 >
(
1
4
δkj − δk4δ4j
)
< Pj5c´k >=
1
2
√
3
2
< P˜5c´ >
(
1
4
δ
j
k − δj4δ4k
)
(141)
To make further progress, we define the following mass parameters
α
(120)
1 a´b´
= 13
√
2
3
ζ
(120)(−)
a´b´,c´d´
< Q˜c´5 > qd´, α(120)2 a´b´ = − 83√5ζ
(120)(−)
a´b´,c´d´
< Qc´5 > qd´
α
(120)
3 a´b´
= 16ξ
(120)(−)
a´b´,c´d´
< Pc´5 > pd´, α(126)1 a´b´ = − 115√5̺
(126,126)(+)
a´b´,c´d´
< Qc´5 > qd´
α
(126)
2 a´b´
= − 11
20
√
6
̺
(126,126)(+)
a´b´,c´d´
< Q˜c´5 > qd´
a
(120)
1 a´b´
= −16ζ (120)(−)
a´b´,c´d´
< Q5c´ > qd´, a(120)2 a´b´ = − 8√5
√
6ξ
(120)(−)
a´b´,c´d´
< P5c´ > pd´
a
(120)
3 a´b´
= 3
√
3ξ
(120)(−)
a´b´,c´d´
< P˜5c´ > pd´, a(126)a´b´ = −325 ̺
(126,126)(+)
a´b´,c´d´
< Q5c´ > qd´
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We now compute the down quark (Mdown), charged lepton (Melectron), up quark
(Mup), Dirac neutrino (MDirac ν), RR type neutrino (MRR) and LL type neutrino
(MLL) mass matrices in terms of the mass parameters defined above.
Mdown
a´b´
= (A+B)a´b´
Melectron
a´b´
= (A− 3B)a´b´ (142)
where
Aa´b´ =
[
59
52
α
(120)
1 +
7
2
α
(120)
2 + α
(120)
3 +
16
11
α
(126)
1 +
29
22
α
(126)
2
]
a´b´
(143)
Ba´b´ =
[
7
52
α
(120)
1 +
5
2
α
(120)
2 +
5
11
α
(126)
1 +
7
22
α
(126)
2
]
a´b´
(144)
and for the up quark and Dirac neutrino masses one has
M
up
a´b´
=
[
a
(120)
1 + a
(120)
2 + a
(120)
3 + a
(126)
]
a´b´
(145)
MDirac ν
a´b´
=
[
−a(120)1 − a(120)2 +
5
3
a
(120)
3 +
1
3
a(126)
]
a´b´
(146)
Majorana masses of RR and LL type for the neutrinos is given by
MRR
a´b´
= − 16
15
√
5
̺
(126,126)(+)
a´b´,c´d´
< Q5c´ >< Qd´5 > (147)
MLL
a´b´
=
32
15
ξ
(120)(−)
a´b´,c´d´
< P5c´ >< P5d´ > (148)
For real model building one may now consider one at a time each of the doublets
(Qa´α,Pαa´ ), (Qαa´ ,Pa´α), (Q˜a´α, P˜αa´ ) massless and find the corresponding contribution
to quark and lepton masses.
8.4 Baryon and lepton number violating dimension five
operators
In supesymmetric theories with R parity the dominant proton decay arises from di-
mension five operators[12, 13, 14]. Here we look for baryon and lepton number vio-
lating dimension five operators in1 (16× 16)10 (144× 144)10, (16× 16)10
(
144× 144
)
10
1For a complete analysis see Ref.[4].
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and (16×16)126(144×144)126. We first collect all the terms from the three quartic
couplings which contribute to baryon and lepton violating interactions. These are
W =Mija´Mb´j
{[
16ξ
(10)(+)
a´b´,c´d´
]
< Pkc´i > Pd´k +
[
1
15
√
5
̺
(126,126)(+)
a´b´,c´d´
+
8√
5
ζ
(10)(+)
a´b´,c´d´
]
Qc´k < Qkd´j >
+
[
2
15
̺
(126,126)(+)
a´b´,c´d´
+ 16ζ
(10)(+)
a´b´,c´d´
]
Qlc´ik < Qkd´l >
}
+Mija´Mb´k
{[
4
15
√
5
̺
(126,126)(+)
a´b´,c´d´
]
Qc´j < Qkd´i > +
[
− 4
15
̺
(126,126)(+)
a´b´,c´d´
]
Qlc´ij < Qkd´l >
}
+ǫijklmM
ij
a´M
kl
b´
{[
4
15
̺
(126,126)(+)
a´b´,c´d´
+ 2ζ
(10)(+)
a´b´,c´d´
]
Qnc´ < Qmd´n > +2
[
ξ
(10)(+)
a´b´,c´d´
]
< Ppc´n > Pnmd´p
− 1√
5
[
ξ
(10)(+)
a´b´,c´d´
]
< Pmc´n > Pnd´
}
(149)
Expanding and collecting the relevant terms and inserting the triplet mass terms
responsible for proton decay we find
W
B&L
= J(1)aPa +Ka(1)Qa +M(Qa,Pa)QaPa
+J(2)aP˜a +Ka(2)Q˜a +M(Q˜a,P˜a)Q˜aP˜a
+Ja(3)Pa +K(3)aQa +M(Qa,Pa)QaPa
+K(4)aQ˜a +M(Q˜a,P˜a)Q˜aP˜a (150)
where we have defined
J(1)a =
[
− 2√
5
pξ
(10)(+)
a´b´
]
ǫaijklM
ij
a´M
kl
b´
J(2)a =
10
√
2
3
pξ
(10)(+)
a´b´
 ǫaijklMija´Mklb´
Ja(3) =
[
−32pξ(10)(+)
a´b´
]
Ma´iM
ia
b´
Ka(1) =
[
− 16√
5
qζ
(10)(+)
a´b´
+
2
3
√
5
q̺
(126,126)(+)
a´b´
]
Ma´αM
αa
b´
+
[
− 16√
5
qζ
(10)(+)
a´b´
− 2
3
√
5
q̺
(126,126)(+)
a´b´
]
Ma´bM
ba
b´
Ka(2) =
80
√
2
3
qζ
(10)(+)
a´b´
− 2
15
√
2
3
q̺
(126,126)(+)
a´b´
Ma´αMαab´
+
80
√
2
3
qζ
(10)(+)
a´b´
+
2
15
√
2
3
q̺
(126,126)(+)
a´b´
Ma´bMbab´
K(3)a =
[
4qζ
(10)(+)
a´b´
+
8
15
q̺
(126,126)(+)
a´b´
]
ǫaijklM
ij
a´M
kl
b´
42
K(4)a =
[
−4
√
2
15
q̺
(126,126)(+)
a´b´
]
Ma´aM
αβ
b´
ǫαβ (151)
Integrating out the Higgs triplet fields in Eq.(150) and expanding the results in
Standard Model particle states, we get
Wdim−5
B&L
= 128pq

 1
5M(Qa,Pa)
+
50
3M
(Q˜a,P˜a)
 ξ(10)(+)
a´b´
ζ
(10)(+)
c´d´
− 4
M(Qa,Pa)
(
ζ
(10)(+)
a´b´
+
2
15
̺
(126,126)(+)
a´b´
)
ξ
(10)(+)
c´d´
}
×
[
ǫabcU
a
La´D
b
Lb´
(
E−Lc´U
c
Ld´
+ νLc´D
c
Ld´
)
+ 2ǫabcUCLa´aE
+
Lb´
DCLc´bU
C
Ld´c
]
−16
3
pq

 1
5M(Qa,Pa)
+
2
3M
(Q˜a,P˜a)
 ξ(10)(+)
a´b´
̺
(126,126)(+)
c´d´

×
[
ǫabcU
a
La´D
b
Lb´
(
E−Lc´U
c
Ld´
+ νLc´D
c
Ld´
)
− 2ǫabcUCLa´aE+Lb´DCLc´bUCLd´c
]
(152)
9 Conclusions
In this paper we have given an analysis of the couplings of the 144+144 multiplets.
This multiplet is interesting since it allows for the breaking of SO(10) symmetry
in a single step down to the Standard Model gauge group symmetry SU(3)C ×
SU(2)L × U(1)Y . The 144 multiplet is a vector-spinor representation of SO(10)
with a constraint. The constraint is needed to reduce the components of the
vector-spinor from 160 down to 144. These features make the analysis of the
couplings of 144 and of 144 more complex than the couplings of ordinary spinors
and tensor representations of SO(10). In this paper we have utilized the techniques
of the basic theorem to compute a variety of couplings involving the constrained
vector-spinors: cubic couplings involving vector-spinors and tensors, self-couplings
of the vector-spinors, and couplings of the vector-spinors with the 16 and 16 spinor
representations of SO(10). These couplings all enter in model building involving
the spinors. Of course, the full set of couplings involving the vector-spinors are
even larger, but these can also be computed using the techniques discussed here.
We have also given illustrative examples of how Yukawa couplings, quark-lepton
masses, and Dirac and Majorana neutrino masses arise from the couplings involving
the 144 plet of Higgs. Finally we have exhibited how the baryon and lepton number
violating interactions arise from the matter and 144 -plet couplings. It is hoped
that the techniques and the results presented here will be helpful in further model
building involving the vector-spinor representations.
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10 Appendix A: Details of couplings from 10-
plet mediation
In this Appendix we expand the SO(10) coupling structures that enter in 10-plet
mediation in Secs.(4,5,6) in a SU(5)× U(1) basis. We list these structures below
h
(10)(+)
c´d´
PTc´jνPd´ν = h
(10)(+)
c´d´
√6
5
PTc´jkPkd´ +
√
2
5
P(S)Tc´jk Pkd´ + PkTc´j Pd´k
 (153)
h
(10)(+)
c´d´
ǫjklmnP
klT
c´ν P
mn
d´ν
= h
(10)(+)
c´d´
4PpqTc´r Prd´pqj − 4
√
2
15
PTc´pqPpqd´j −
4
√
6
5
PpTc´ Pd´pj
(154)
h
(10)(+)
a´b´
PijTa´ν P
kl
b´ν
= h
(10)(+)
a´b´
[
1
6
ǫijpqrPsTa´pqrPklb´s +
1
6
ǫklpqrP ijTa´s Psb´pqr
+
1
12
√
5
ǫijpqrPkTa´pqrP lb´ −
1
12
√
5
ǫklpqrP iTa´ Pjb´pqr
− 1
12
√
5
ǫijpqrP lTa´pqrPkb´ +
1
12
√
5
ǫklpqrPjTa´ P ib´pqr
+
1
10
√
6
ǫijlpqPTa´pqPkb´ −
1
10
√
6
ǫklipqPjTa´ Pb´pq
− 1
10
√
6
ǫijkpqPTa´pqP lb´ +
1
10
√
6
ǫkljpqP iTa´ Pb´pq
− 1√
30
ǫijpqrPTa´pqPklb´r −
1√
30
ǫklpqrP ijTa´p Pb´qr
]
(155)
h¯
(10)(+)
a´b´
QiTa´µQb´ijµ = h¯
(10)(+)
a´b´
[
− 1
2
√
30
ǫjklmnQkpTa´ Qlmnb´p −
1
6
√
2
ǫjklmnQkpT(S)a´Qlmnb´p
+
1
10
ǫjklmnQklTa´ Qmnb´ +QlTa´kQkb´lj −
1
2
√
5
QkTa´j Qb´k
]
(156)
44
h¯
(10)(+)
c´d´
QjTc´ν Qd´ν = h¯
(10)(+)
c´d´
√6
5
QjkTc´ Qd´k +
√
2
5
QjkT(S)c´Qd´k +QjTc´k Qkd´
 (157)
h¯
(10)(+)
c´d´
ǫjklmnQTc´klνQd´mnν = h¯
(10)(+)
c´d´
4QrTc´pqQpqjd´r − 4
√
2
15
QpqTc´ Qjd´pq −
4
√
6
5
QTc´pQpjd´
(158)
h¯
(10)(+)
a´b´
QTc´ijνQd´klν = h¯
(10)(+)
a´b´
[
1
6
ǫijpqrQpqrTa´s Qsb´kl +
1
6
ǫklpqrQsTa´ijQpqrb´s
+
1
12
√
5
ǫijpqrQpqrTa´k Qb´l −
1
12
√
5
ǫklpqrQTa´iQpqrb´j
− 1
12
√
5
ǫijpqrQpqrTa´l Qb´k +
1
12
√
5
ǫklpqrQTa´jQpqrb´i
+
1
10
√
6
ǫijlpqQpqTa´ Qb´k −
1
10
√
6
ǫklipqQTa´jQpqb´
− 1
10
√
6
ǫijkpqQpqTa´ Qb´l +
1
10
√
6
ǫkljpqQTa´iQpqb´
− 1√
30
ǫijpqrQpqTa´ Qrb´kl −
1√
30
ǫklpqrQpTa´ijQqrb´
]
(159)
11 Appendix B: Details of couplings from 120-
plet mediation
In this Appendix we expand the SO(10) coupling structures that enter in 120-plet
mediation in Secs.(4,5,6) in a SU(5)× U(1) basis. We list these structures below
h
(120)(−)
c´d´
PTc´nµP
lm
d´µ
= h
(120)(−)
c´d´
[
1
2
√
30
ǫijklmPTc´npPpd´ijk −
1
10
ǫijklmPTc´niPd´jk
+
1
6
√
2
ǫijklmP(S)Tc´np Ppd´ijk −
1
2
√
15
ǫijklmP(S)Tc´ni Pd´jk
+PkTc´n P lmd´k +
1
2
√
5
P lTc´nPmd´ −
1
2
√
5
PmTc´n P ld´
]
(160)
h
(120)(−)
a´b´
PTa´iµPb´jµ = h
(120)(−)
a´b´
√ 3
10
PkTa´i Pb´jk −
√
3
10
PkTa´j Pb´ik
+
√
2PkTa´i P(S)b´jk −
√
2PkTa´j P(S)b´ik
]
(161)
h
(120)(−)
c´d´
PijTc´µ Pd´µ = h
(120)(−)
c´d´
[
2√
5
P ijTc´k Pkd´ +
2
5
PjTc´ P id´
+
1
6
ǫijklmPnTc´klmPd´n −
1√
30
ǫijklmPTc´klPd´m
]
(162)
45
h
(120)(−)
a´b´
PTa´µPb´iµ = h
(120)(−)
a´b´
√6
5
PjTa´ Pb´ij +
√
2
5
PjTa´ P(S)b´ij + PTa´jP
j
b´i
 (163)
h
(120)(−)
c´d´
PijTc´µ Pd´jµ = h
(120)(−)
c´d´
[
P ikTc´l P ld´k +
1
2
√
5
PjTc´ P id´j
+
1
2
√
30
ǫiklmnPpTc´lmnPd´kp +
1
6
√
2
ǫiklmnPpTc´lmnP(S)d´kp
− 1
10
ǫiklmnPTc´mnP(S)d´kl
]
(164)
h¯
(120)(−)
a´b´
ǫijklmQTa´ijµQb´knµ = h¯
(120)(−)
a´b´
4QqlmTa´p Qpb´qn + 2√5QTa´pQplmb´n + 4
√
2
15
QpmTa´ Qlb´pn
−4
√
2
15
QplTa´ Qmb´pn +
4
5
√
2
3
QTa´nQlmb´
+QrTa´pq
(
δmn Qpqlb´r − δlnQ
pqm
b´r
)
+
√
2
15
(
δlnQmTa´pq − δmn QlTa´pq
)
Qpq
b´
+
1
5
√
2
3
(
δlnQpmTa´ − δmn QplTa´
)
Qb´p
(165)
h¯
(120)(−)
c´d´
QnTc´µ Qd´lmµ = h¯
(120)(−)
c´d´
[
1
2
√
30
ǫijklmQnpTc´ Qijkd´p −
1
10
ǫijklmQniTc´ Qjkd´
+
1
6
√
2
ǫijklmQnpT(S)c´Qijkd´p −
1
2
√
15
ǫijklmQniT(S)c´Qjkd´
+QnTc´k Qkd´lm +
1
2
√
5
QnTc´l Qd´m −
1
2
√
5
QnTc´mQd´l
]
(166)
h¯
(120)(−)
a´b´
QiTa´µQ
j
b´µ
= h¯
(120)(−)
a´b´
√ 3
10
QiTa´kQjkb´ −
√
3
10
QjTa´kQikb´
+
√
2QiTa´kQjk(S)b´ −
√
2QjTa´kQik(S)b´
]
(167)
h¯
(120)(−)
c´d´
QTc´ijµQd´µ = h¯
(120)(−)
c´d´
[
2√
5
QkTc´ijQd´k +
2
5
QTc´jQd´i
+
1
6
ǫijklmQklmTc´n Qnd´ −
1√
30
ǫijklmQklTc´ Qmd´
]
(168)
46
h¯
(120)(−)
a´b´
QTa´µQ
i
b´µ
= h¯
(120)(−)
a´b´
√6
5
QTa´jQijb´ +
√
2
5
QTa´jQij(S)b´ +Q
jT
a´ Qib´j
 (169)
h¯
(120)(−)
c´d´
QTc´ijµQ
j
d´µ
= h¯
(120)(−)
c´d´
[
QlTc´ikQkd´l +
1
2
√
5
QTc´jQjd´i
+
1
2
√
30
ǫiklmnQlmnTc´p Qkpd´ +
1
6
√
2
ǫiklmnQlmnTc´p Qkp(S)d´
− 1
10
ǫiklmnQmnTc´ Qkl(S)d´
]
(170)
12 Appendix C: Details of couplings from 126 + 126-
plet mediation
In this Appendix we expand the SO(10) coupling structures that enter in 126+126-
plet mediation in Secs.(4,5,6) in a SU(5) × U(1) basis. We list these structures
below
f
(126)(+)
a´b´
PTa´µPb´µ = f
(126)(+)
a´b´
[
4√
5
P iTa´ Pb´i
]
(171)
f
(126)(+)
a´b´
PTa´µP
ij
b´µ
= f
(126)(+)
a´b´
[
2√
5
PkTa´ P ijb´k +
1
6
ǫijklmPTa´nPnb´klm
− 1√
30
ǫijklmPTa´kPb´lm
]
(172)
f
(126)(+)
a´b´
PTa´iµPb´jµ = f
(126)(+)
a´b´
√ 3
10
PkTa´i Pb´jk +
√
3
10
PkTa´j Pb´ik +
1√
2
PkTa´i P(S)b´jk
+
1√
2
PkTa´j P(S)b´ik
]
(173)
f
(126)(+)
a´b´
PTa´µPb´jµ = f
(126)(+)
a´b´
√6
5
PkTa´ Pb´jk +
√
2
5
PkTa´ P(S)b´jk + PTa´kPkb´j
 (174)
f
(126)(+)
a´b´
PijTa´µ Pb´kµ = f
(126)(+)
a´b´
[
1
2
√
30
ǫijpqrPsTa´pqrPb´ks +
1
6
√
2
ǫijpqrPsTa´pqrP(S)b´ks
− 1
10
ǫijpqrPTa´pqPb´kr −
1
2
√
15
ǫijpqrPTa´pqP(S)b´kr
+P ijTa´p Ppb´k +
1
2
√
5
PjTa´ P ib´k −
1
2
√
5
P iTa´ Pjb´k
]
(175)
47
f
(126)(+)
a´b´
PijTa´µ P
kl
b´µ
= f
(126)(+)
a´b´
[
1
6
ǫijpqrPsTa´pqrPklb´s +
1
6
ǫklpqrP ijTa´s Psb´pqr
+
1
12
√
5
ǫijpqrPkTa´pqrP lb´ −
1
12
√
5
ǫklpqrP iTa´ Pjb´pqr
− 1
12
√
5
ǫijpqrP lTa´pqrPkb´ +
1
12
√
5
ǫklpqrPjTa´ P ib´pqr
+
1
10
√
6
ǫijlpqPTa´pqPkb´ −
1
10
√
6
ǫklipqPjTa´ Pb´pq
− 1
10
√
6
ǫijkpqPTa´pqP lb´ +
1
10
√
6
ǫkljpqP iTa´ Pb´pq
− 1√
30
ǫijpqrPTa´pqPklb´r −
1√
30
ǫklpqrP ijTa´p Pb´qr
]
(176)
f
(126)(+)
a´b´
ǫjklmnP
klT
c´µ P
mn
d´µ
= f
(126)(+)
a´b´
4PpqTc´r Prd´pqj − 4
√
2
15
PTc´pqPpqd´j
−4
√
6
5
PpTc´ Pd´pj
]
(177)
f
(126)(+)
a´b´
PijTa´µ Pb´jµ = f
(126)(+)
a´b´
[
− 1
2
√
30
ǫiklmnPpTa´lmnPb´kp −
1
6
√
2
ǫiklmnPpTa´lmnP(S)b´kp
+
1
10
ǫiklmnPTa´mnPb´kl + PkiTa´l P lb´k −
1
2
√
5
PkTa´ P ib´k
]
(178)
f¯
(126)(+)
c´d´
QTc´νQd´ν = f¯
(126)(+)
c´d´
[
4√
5
QkTc´ Qd´k
]
(179)
f¯
(126)(+)
c´d´
QTc´νQd´ijν = f¯
(126)(+)
c´d´
[
2√
5
QTc´kQkd´ij +
1
6
ǫijklmQnTc´ Qklmd´n
− 1√
30
ǫijklmQkTc´ Qlmd´
]
(180)
f¯
(126)(+)
c´d´
QiTc´νQ
j
d´ν
= f¯
(126)(+)
c´d´
√ 3
10
QiTc´kQjkd´ +
√
3
10
QjTc´k Qikd´
+
1√
2
QiTc´kQjk(S)d´ +
1√
2
QjTc´k Qik(S)d´
]
(181)
f¯
(126)(+)
c´d´
QTc´νQ
j
d´ν
= f¯
(126)(+)
c´d´
√6
5
QTc´kQjkd´ +
√
2
5
QTc´kQjk(S)d´ +QkTc´ Q
j
d´k
 (182)
48
f¯
(126)(+)
c´d´
QTc´ijνQ
k
d´ν
= f¯
(126)(+)
c´d´
[
1
2
√
30
ǫijpqrQpqrTc´s Qksd´ +
1
6
√
2
ǫijpqrQpqrTc´s Qks(S)d´
− 1
10
ǫijpqrQpqTc´ Qkrd´ −
1
2
√
15
ǫijpqrQpqTc´ Qkr(S)d´
+QpTc´ijQkd´p +
1
2
√
5
QTc´jQkd´i
− 1
2
√
5
QTc´iQkd´j
]
(183)
f¯
(126)(+)
c´d´
ǫjklmnQTc´klνQd´mnν = f¯
(126)(+)
c´d´
4QrTc´pqQpqjd´r − 4
√
2
15
QpqTc´ Qjd´pq
−4
√
6
5
QTc´pQpjd´
]
(184)
f¯
(126)(+)
c´d´
QTc´ijνQd´klν = f¯
(126)(+)
c´d´
[
1
6
ǫijpqrQpqrTc´s Qsd´kl +
1
6
ǫklpqrQsTc´ijQpqrd´s
+
1
12
√
5
ǫijpqrQpqrTc´k Qd´l −
1
12
√
5
ǫklpqrQTc´iQpqrd´j
− 1
12
√
5
ǫijpqrQpqrTc´l Qd´k +
1
12
√
5
ǫklpqrQTc´jQpqrd´i
+
1
10
√
6
ǫijlpqQpqTc´ Qd´k −
1
10
√
6
ǫklipqQTc´jQpqd´
− 1
10
√
6
ǫijkpqQpqTc´ Qd´l +
1
10
√
6
ǫkljpqQTc´iQpqd´
− 1√
30
ǫijpqrQpqTc´ Qrd´kl −
1√
30
ǫklpqrQpTc´ijQqrd´
]
(185)
f¯
(126)(+)
c´d´
QTa´ijµQ
j
b´µ
= f¯
(126)(+)
c´d´
[
− 1
2
√
30
ǫiklmnQlmnTc´p Qkpd´ −
1
6
√
2
ǫiklmnQlmnTc´p Qkp(S)d´
+
1
10
ǫiklmnQmnTc´ Qkld´ +QkTc´liQld´k −
1
2
√
5
QTc´kQkd´i
]
(186)
13 Appendix D: Field normalizations
(a) Normalization of SU(5) components in 45-plet of SO(10) Higgs
The 45-plet of SO(10) Higgs Φµν can be decomposed in SU(5) multiplets as follows
Φcncn = h; Φcicj = h
i
j +
1
5
δijh; Φcicj = h
ij ; Φcicj = hij (187)
49
where h, hij , hij and h
i
j are the 1-plet, 10-plet, 10-plet, and 24-plet representations
of SU(5) respectively To normalize these SU(5) Higgs fields, we carry out a field
redefinition,
h =
√
10H; hij =
√
2Hij ; h
ij =
√
2Hij ; hij =
√
2Hij . (188)
In terms of the normalized fields the kinetic energy of the 45 plet of Higgs
−∂AΦµν∂AΦ†µν takes the form
L
45−Higgs
kin = −∂AH∂AH† −
1
2!
∂AHij∂AHij† − 1
2!
∂AHij∂AH
ij† − ∂AHij∂AHi†j . (189)
(b) Normalization of SU(5) components in 45-plet of SO(10) gauge
fields.
The 45-plet of SO(10) gauge fields ΦAµν can be decomposed in SU(5) multiplets
as follows
ΦAcncn = gA; ΦAcicj = g
i
Aj +
1
5
δijgA; ΦAcicj = g
ij
A ; ΦAcicj = gAij (190)
To normalize them we make the following redefinitions
gA = 2
√
5GA; gAij =
√
2GAij; g
ij
A =
√
2GijA ; g
i
Aj =
√
2GiAj . (191)
In terms of the redefined fields the kinetic energy for the 45-plet which is given by
−1
4
FABµν FABµν takes on the form
L
45−gauge
kin = −
1
2
GABGAB† − 1
2!
1
2
GABijGij†AB −
1
2!
1
2
GABij GjABi (192)
where FABµν is the 45 of SO(10) field strength tensor.
(c) Normalization of SU(5) components in 210-plet of SO(10)
The 210-plet of SO(10) Φµνρσ has the following decomposition in SU(5) multiplets
Φcmcmcncn = h; Φcicjckcl =
1
24
ǫijklmh
m; Φcicjckcl =
1
24
ǫijklmhm
50
Φcicjcmcm = h
ij ; Φcicjcmcm = hij; Φcicjcmcm = h
i
j +
1
5
δijh
Φcicjckcl = h
ij
kl +
1
3
(
δilh
j
k − δikhjl + δjkhil − δjl hik
)
+
1
20
(
δilδ
j
k − δikδjl
)
h
Φcicjckcl = h
ijk
l +
1
3
(
δkl h
ij − δjl hikh + δilhjk
)
Φcicjckcl = h
l
ijk +
1
3
(
δlkhij − δljhik + δlihjk
)
(193)
where h, hi, hi, h
ij, hij , h
i
j, h
ijk
l ; h
i
jkl and h
ij
kl are the 1-plet, 5-plet, 5-plet, 10-plet,
10-plet, 24-plet, 40-plet, 40-plet, and 75-plet representations of SU(5) respectively.
To normalize these fields we carry out a field redefinition
h = 4
√
5
3
H; hi = 8
√
6Hi; hi = 8
√
6Hi
hij =
√
2Hij ; hij =
√
2Hij ; h
i
j =
√
2Hij
h
ijk
l =
√
2
3
H
ijk
l ; h
i
jkl =
√
2
3
Hijkl; h
ij
kl =
2√
3
H
ij
kl. (194)
Now the kinetic energy for the 210 dimensional Higgs field is −∂AΦµνρλ∂AΦ†µνρλ
which in terms of the redefined fields takes the form
L
210−Higgs
kin = −∂AH∂AH† − ∂AHi∂AHi† − ∂AHi∂AH†i
− 1
2!
∂AHij∂
AH
†
ij −
1
2!
∂AH
ij∂AHij† − ∂AHij∂AHi†j
− 1
3!
∂AH
l
ijk∂
AH
l†
ijk −
1
3!
∂AH
ijk
l ∂
AH
ijk†
l −
1
2!
1
2!
∂AH
ij
kl∂
AH
ij†
kl . (195)
(d) Normalization of SU(5) components in 10-plet of SO(10)
The 10-plet of SO(10) Φµ can be decomposed in SU(5) components as follows
Φc¯i = hi; Φci = h
i (196)
The tensors are already in their irreducible form and one can identify Φci with
the 5 plet of Higgs and Φc¯i with the 5¯ plet of Higgs. To normalize the fields we
define
hi =
1√
2
Hi; h
i =
1√
2
Hi (197)
51
Now the kinetic energy for the 10 dimensional Higgs field is −∂AΦµ∂AΦ†µ which in
terms of the redefined fields takes the form
L
10−Higgs
kin = −∂AHi∂AH†i − ∂AHi∂AHi†. (198)
(e) Normalization of SU(5) components in 120-plet of SO(10)
The 120-plet of SO(10) Φµνρ can be decomposed in SU(5) components as follows
Φcicj c¯k = h
ij
k +
1
4
(
δikh
j − δjkhi
)
, Φcic¯j c¯k = h
i
jk +
1
4
(
δijhk − δikhj
)
Φcicjck = ǫ
ijklmhlm, Φc¯i c¯j c¯k = ǫijklmh
lm, Φc¯ncnci = h
i,Φc¯ncnc¯i = hi (199)
where hi, h
i, hij , h
ij, hijk , h
i
jk are the 5¯, 5, 10, 10, 45 and 45 plet representations of
SU(5). To normalize them we make the following redefinition of fields
hi =
4√
3
Hi, hij =
1√
3
Hij , h
ij
k =
2√
3
H
ij
k
hi =
4√
3
Hi, hij =
1√
3
Hij , h
i
jk =
2√
3
Hijk (200)
In terms of the redefined fields the kinetic energy term for the 120 multiplet which
is given by −∂AΦµνλ ∂AΦ†µνλ takes on the form
L
120−Higgs
kin = −
1
2!
∂AH
ij∂AHij† − 1
2!
∂AHij∂
AH
†
ij −
1
2!
∂AH
ij
k ∂
AH
ij†
k
− 1
2!
∂AH
i
jk∂
AH
i†
jk − ∂AHi∂AHi† − ∂AHi∂AH†i (201)
(f) Normalization of SU(5) components in 126 and 126 -plets of SO(10)
To deal with the 126 and 126 -plets Φµνρλσ and Φµνρλσ, we first introduce the full
252-dimensional tensor, Ξµνλρσ which can be be decomposed as Ξµνλρσ=Φµνλρσ+
Φµνλρσ, where(
Φµνλρσ
Φµνλρσ
)
=
1
2
(
δµαδνβδργδλδδσθ ± i
5!
ǫµνρλσαβγδθ
)
Ξαβγδθ (202)
52
and where the Φµνλρσ is the 126 plet and Φµνλρσ is the 126 plet representation.
The decomposition of these in SU(5) components is then given by
Ξcicjckc¯ncn = h
ijk; Ξc¯ic¯j c¯kcnc¯n = hijk
Ξcic¯ncnc¯pcp = h
i; Ξc¯ic¯ncnc¯pcp = hi
Ξcic¯j c¯kc¯ncn = h
i
jk +
1
4
(
δikhj − δijhk
)
Ξc¯icjckcnc¯n = h
jk
i +
1
4
(
δki h
j − δji hk
)
Ξcicjckclc¯m = h
ijkl
m +
1
2
(
δimh
jkl − δjmhikl + δkmhijl − δlmhijk
)
Ξcicjckc¯lc¯m = h
ijk
lm +
1
2
(
δilh
jk
m − δjl hikm + δkl hijm − δimhjkl + δjmhikl − δkmhijl
)
+
1
12
(
δilδ
j
mh
k − δjl δimhk − δilδkmhj + δkl δimhj + δjl δkmhi − δkl δjmhi
)
Ξcicj c¯k c¯lc¯m = h
ij
klm +
1
2
(
δikh
j
lm − δilhjkm + δimhjkl − δjkhilm + δjl hikm − δjmhikl
)
+
1
12
(
δikδ
j
l hm − δikδjmhl − δilδjkhm + δilδjmhl + δimδjkhl − δimδjl hk
)
Ξcic¯j c¯k c¯lc¯m = h
i
jklm +
1
2
(
δijhklm − δikhjlm + δilhjkm − δimhjkl
)
Ξcicjckclcm = ǫ
ijklmh, Ξc¯ic¯j c¯k c¯lc¯m = ǫijklmh¯ (203)
The fields that appear above are not yet properly normalized. To normalize the
fields we carry out a field redefinition so that
h =
2√
15
H, h =
2√
15
H, hi = 4
√
2
5
Hi, hi = 4
√
2
5
Hi
hijk =
√
2
15
ǫijklmHlm, hijk =
√
2
15
ǫijklmH
lm
hijklm =
√
2
15
ǫjklmnH
ni
(S), h
jklm
i =
√
2
15
ǫjklmnH
(S)
ni
hijk = 2
√
2
15
Hijk, h
jk
i = 2
√
2
15
H
jk
i
h
ijk
lm =
2√
15
H
ijk
lm , h
lm
ijk =
2√
15
Hlmijk (204)
The kinetic energy for the 252 plet field −∂AΞµνλρσ∂AΞ†µνλρσ in terms of the nor-
malized fields is then given by
L
252−Higgs
kin = −∂AH∂AH† − ∂AH∂AH† − ∂AHi∂AH†i − ∂AHi∂AHi†
53
− 1
2!
∂AH
ij∂AHij† − 1
2!
∂AHij∂
AH
†
ij −
1
2!
∂AH
(S)
ij ∂
AH
(S)†
ij
− 1
2!
∂AH
ij
(S)∂
AH
ij†
(S) −
1
2!
∂AH
jk
i ∂
AH
jk†
i −
1
2!
∂AH
i
jk∂
AH
i†
jk
− 1
3!2!
∂AH
lm
ijk∂
AH
lm†
ijk −
1
3!2!
∂AH
ijk
lm ∂
AH
ijk†
lm (205)
where H(H),Hi,H
i,Hij ,Hij,H
(S)
ij ,H
ij
(S),H
jk
i ,H
i
jk,H
lm
ijk,H
ijk
lm are the 1, 5¯, 5, 10, 10,
15, 15, 45, 45, 50, 50 plet representations of SU(5).
14 Appendix E: A Simplification of Quartic Cou-
plings
The quartic couplings discussed in Secs.(5-6) are obtained by integrating out the
intermediate fields which belong to the set of tensor representations 1, 45, 210, 10,
120, 126 + 126. The analysis given in the paper is quite general allowing for an
arbitrary number of such intermediate tensor set. The results, however, can be
simplified if one assumes just a single tensor field for each term in the set listed
above. In this case the couplings show a factorization. This case can be gotten
from the analysis of the paper by the following simple algorithm of replacements
λ¯
(.)
a´b´,c´d´
→ − 1
4
h¯
(.)
a´b´
h¯
(.)
c´d´
M ; λ
(.)
a´b´,c´d´
→ − 1
4
h
(.)
a´b´
h
(.)
c´d´
M
ζ
(.)
a´b´,c´d´
→ 1
2
f
(.)
a´b´
h¯
(.)
c´d´
M ; ξ
(.)
a´b´,c´d´
→ 1
2
f
(.)
a´b´
h
(.)
c´d´
M
θ
(.)
a´b´,c´d´
→ 1
2
h
(.)
a´b´
h¯
(.)
c´d´
M ; κ
(.)
a´b´,c´d´
→ − h
(.)
a´b´
h¯
(.)
c´d´
M
̺
(.)
a´b´,c´d´
→ − f
(.)
a´b´
h¯
(.)
c´d´
M ; ς
(.)
a´b´,c´d´
→ − h
(.)
a´b´
f¯
(.)
c´d´
M (206)
15 Appendix F: The Technique to Evaluate SO(10)
Vector-Spinor Couplings
In this Appendix we illustrate the technique to evaluate SO(10) vector-spinor
couplings. For that purpose, we choose a simple example of the matrix element
< Υ∗(+)µ|B|Υ(+)µ >. Using Eqs. (5), (9) and (10) one can write
< Υ∗(+)µ|B|Υ(+)µ >= −iQµPµ < 0|b5b4b3b2b1
5∏
s=1
(bs − b†s)|0 >
54
− i
24
ǫijklmQijµP
pq
µ < 0|bmblbk
5∏
s=1
(bs − b†s)b†pb†q|0 >
− i
24
ǫijklmQrµP
pq
iµ < 0|br
5∏
s=1
(bs − b†s)b†jb†kb†l b†m|0 > (207)
Simplifying we get,
< Υ∗(+)µ|B|Υ(+)µ >= i
[
QµPµ − 1
2
QijµP
ij
µ +Q
i
µP
pq
iµ
]
(208)
Using the Basic Theorem we can expand the terms in Eq. (208) as
QµPµ = QciPc¯i +Qc¯iPci
QijµP
ij
µ = QijckP
ij
c¯k
+Qijc¯kP
ij
ck
QiµPiµ = Q
i
cj
Pic¯j +Q
i
c¯j
Picj (209)
Further, using Eq.(13) directly or the third equation in Eq.(203)
QµPµ = Q
iPi +QiP
i (210)
Qijck = S
k
[ij] = Q
k
ij +
1
4
(
δkj Q̂i − δki Q̂j
)
= Qkij +
1
4
(
δkiQj − δkjQi
)
(211)
where in the last step we have used Eq.(16). Similarly,
Pijc¯k = P
ij
k +
1
4
(
δikP
j − δjkP
i
)
(212)
Thus we have
QijckP
ij
c¯k
= QkijP
ij
k +
1
2
QiP
i (213)
where we have used the fact that Qkij and P
ij
k are traceless tensors. Again using
Eq.(13) directly or the fourth equation in Eq.(193) we can write
Qijc¯k = S[ij]k = ǫijlmnS
′lmn
k = ǫijlmn
[
Qlmnk +
1
3
(
δnk Q̂
lm − δmk Q̂ln + δlkQ̂mn
)]
= ǫijlmnQ
lmn
k + ǫijklmQ̂
lm = ǫijlmnQ
lmn
k −
1
6
ǫijklmQ
lm (214)
where again in the last step we have used Eq. (16). Similarly,
Pijck = ǫ
ijlmnPklmn −
1
6
ǫijklmPlm (215)
Computing the product Qijc¯kP
ij
ck
we get
Qijc¯kP
ij
ck
= 12Qlmnk P
k
lmn +
1
3
QlmPlm (216)
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Here we have used the results:
ǫijlmnǫ
ijkpqQlmnk Ppq = 0 = ǫijklmǫ
ijpqrQlmPkpqr
ǫijklmǫ
ijpqrQlmnk P
k
pqr = 12Q
lmn
k P
k
lmn
ǫijklmǫ
ijkpqQlmPpq = 12Q
lmPlm (217)
The first of these equations in Eq. (207) follow from the tracelessness of Qlmnk and
Plijk. Further, on using Eq.(13)
Qicj = S
ij =
1
2
(
S[ij] + S{ij}
)
=
1
2
(
Qij +Qij(S)
)
(218)
and similarly,
Pic¯j =
1
2
(
Pij +P
(S)
ij
)
(219)
which gives,
QicjPic¯j =
1
4
QijPij +
1
4
Qij(S)P
(S)
ij (220)
Note that the cross terms do no couple in Eq.(220) as one is antisymmetric and
the other is a symmetric tensor in the exchange of indices i and j. Finally, on
using Eq. (13) once again
Qic¯jPicj = S
i
jR
j
i =
(
Qij +
1
5
δijQ̂
)(
Pji +
1
5
δ
j
i P̂
)
= QijP
j
i (221)
In the last step we have used Eq.(16). Substituting Eqs. (210), (213), (216), (220)
and (221) in Eq.(208) we get,
< Υ∗(+)µ|B|Υ(+)µ >=
3i
4
QiPi + iQiP
i
+
i
12
QijPij +
i
4
Qij(S)P
(S)
ij
+iQijP
j
i − 6iQijkl Plijk
− i
2
Qijk P
ij
k (222)
One can now use normalized fields exhibited in Eqs. (19) and (20).
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